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Multi-low-frequency band gaps for flexural waves in beams are realized by using multiple resonators 
containing negative-stiffness (NS) mechanisms in one unit cell. The resonator is constructed by a vertical 
spring connecting with two oblique springs, which act as an NS mechanism to counteract the stiffness 
of the vertical spring, and thus substantially lower the stiffness of the resonator. The band structures of 
flexural waves in a locally resonant beam are revealed by using the plane wave expansion method, which 
are validated by numerical simulations. A stop band seamlessly blending attenuation band and complex 
band is observed, which presents a wide band gap. The band gap can be further broadened by adding 
more resonators into the unit cell with resonant frequencies surrounding the target frequency by a proper 
off-set ratio. Finally, an application of this proposed method is demonstrated in attenuating vibrations in 
a raft beam excited by two forces with different low frequencies, by assigning multi-low-frequency band 
gaps of receptances at the excitation frequencies.

© 2017 Elsevier B.V. All rights reserved.
1. Introduction

As well known, waves cannot propagate in periodic structures 
or materials (also called phononic crystals) in certain frequency 
ranges, called stop bands or band gaps [1,2], which can be applied 
in vibration isolation and wave attenuation at targeted frequencies 
[3–7]. Due to this fantastic property, in the past several decades, 
a large amount of research into the theory and applications of 
phononic crystals has been done, as well documented by Hussein 
et al. [8].

There are two mechanisms for band gaps, namely, Bragg scat-
tering (BS) and local resonance (LR) mechanisms. It is difficult to 
achieve a BS band gap at low frequencies, because the center fre-
quency determined by Bragg scattering condition is inversely pro-
portional to the lattice constant (i.e., dimension of the unit cell). 
To create a low-frequency BS band gaps, the lattice constant would 
need to be in very large scale so that it is not practically suitable in 
many real applications. In contrast, the center frequency of an LR 
band gap is independent of the lattice constant, but determined by 
the resonant frequency of the resonator. Therefore, low-frequency 
band gaps can be realized by LR mechanisms with lattice constants 
in wide-ranging scales.
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Pioneering work on the LR mechanism was carried out by 
Liu et al. [2], where the resonator was made from a dense solid 
core coated by soft materials to open spectral gaps with lattice 
constants at two orders of magnitude smaller than the relevant 
wavelength. Wen and his collaborators exhibited the existence of 
low-frequency band gaps in beams with local resonators by ex-
perimental tests [4,9], and illustrated the band gap behavior and 
formation mechanisms [10]. However, the order of magnitude of 
the center frequency in most of recent works is a few hundred 
Hertz. In order to further lower the LR band gap, generally, there 
are two ways to reduce the resonant frequency, namely, increasing 
the mass or decreasing the stiffness of a resonator.

In existing LR phononic crystals, mass blocks made from high 
density materials are generally used, such as Pb [11] and Au [12]. 
But it is not a wise idea to use a large mass block, due to the size 
restriction of a unit cell for many practical applications. Recently, 
Yilmaz et al. [13,14] proposed a concept of inertial amplification by 
embedding amplification mechanisms into the unit cell, which can 
effectively increase the inertial of the resonator, and thus lower the 
resonant frequency. A prototype of a 2D phononic crystal with in-
ertial amplification mechanisms was fabricated by Acar and Yilmaz 
[15], and their experimental tests showed wide and deep band 
gaps at low frequencies. Inspired by this concept, Frandsen et al. 
[16] studied the wave propagation in a continuous rod attached 
with periodic amplification mechanisms, which also led to large 
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band gaps at low frequencies. On the other hand, some researchers 
attempted to lower resonant frequency by reducing the stiffness of 
a resonator. Bilal and Hussein [17] and Badreddine Assouar et al. 
[18] punched holes periodically on a host plate, which made solid 
regions act as springboards of a resonator, resulting in lower band 
gaps.

However, the above methods might be unworkable to open 
band gaps at very low frequencies, because it is unrealizable to 
make the stiffness of a resonator ultra-small, or the mass ultra-
large. Therefore, it is still a challenge to realize wave attenuation 
at extremely low frequencies [8]. As a promising solution to this 
issue, a local resonator containing negative-stiffness (NS) mecha-
nisms was proposed in our previous work [19] to shift the band 
gap into very-low-frequency range.

Furthermore, the width of the band gap would become narrow 
when its center frequency decreases, as Smith et al. [20] indicated 
that the edge frequency of the LR band gap is proportional to the 
resonant frequency. Recently, multiple degrees of freedom (DOF) 
local resonators were developed to broaden the band gap. Wang 
et al. proposed a two-DOF resonator [21] and a continuum-beam 
resonator [22] for attenuating flexural wave in LR beams, and both 
investigations found wide band gaps. Xiao et al. [23] also proposed 
multiple periodic arrays of local resonators in one unit cell with 
distributed resonant frequencies to broaden the band gap, which is 
known as rainbow trapping [24,25], named for its ability of splitting 
propagating waves into a spatial spectrum [26].

Additionally, the tough issues on vibration isolation or wave at-
tenuation at multiple low frequencies are usually encountered in 
engineering practices [27]. Indeed, more than one band gap can 
be created in LR phononic crystals by using multi-DOF resonators 
[28,29], and the gap also can be tuned by tailoring geometrical di-
mensions and material properties. But that method [28,29] does 
not seems flexible for any combination of target frequencies, due 
to the restriction on selections of material and structure parame-
ters.

In this paper, multiple resonators containing NS mechanisms 
in one unit cell are proposed to open multiple band gaps at low 
target frequencies for flexural wave attenuation in Euler–Bernoulli 
beams. The resonator consists of one vertical spring and two 
oblique springs, which are utilized as an NS mechanism to coun-
teract the positive stiffness of the vertical spring [30]. The net 
stiffness of the resonator can be tuned to be very low by the NS 
mechanisms, which has been verified in our previous work [19]. 
The band structures for multiple target frequencies are calculated 
by using plane wave expansion (PWE) method when damping is 
taken into account, which are also validated by numerical simu-
lations. Inspired by Xiao et al. [23], more resonators with natural 
frequencies surrounding the target frequencies are added into the 
unit cell to broaden the band gaps, especially for very low target 
frequencies. Finally, to demonstrate an application of this proposed 
method, vibration attenuations of a raft beam excited by two sep-
arate forces with different low frequencies are carried out by as-
signing two band gaps of receptances at these exciting frequencies.

2. Model and methods of calculation

Consider an Euler–Bernoulli beam periodically attached with lo-
cal resonators containing NS mechanisms, as shown in Fig. 1. There 
are N resonators in one unit cell installed at an equal interval, 
and each resonator has the same mass mr , but different stiffness, 
which can be designed to be very low by the counteraction from 
NS mechanisms. To filter out waves at multiple undesired low fre-
quencies, called target frequencies here, the stiffnesses of those 
resonators in the unit cell are tuned to create band gaps at these 
target frequencies.
Fig. 1. Schematic diagrams of (a) the LR beam and (b) the resonator.

The resonator is comprised of two oblique springs, a vertical 
spring and a mass, as shown in Fig. 1b. Two oblique springs pro-
vide a negative stiffness in the vertical direction when the mass 
oscillates around the equilibrium position, which is utilized to 
counteract the positive stiffness of the vertical spring. It is worth 
noting that the capability of suspending heavy mass is not reduced, 
because the mass is completely suspended by the vertical springs 
at the static equilibrium, at which point the oblique springs are 
perpendicular to the vertical one. It is assumed that the mass os-
cillates only along the vertical direction, and the oblique springs 
deform symmetrically with respect to the vertical spring.

Although the static analysis of the resonator has been done in 
our previous work [19], the restoring force and stiffness of the res-
onator as functions of the displacement y are given here for the 
sake of completeness,

f = kv
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where kv is the stiffness of the vertical spring, l is the original 
length of the oblique spring, �l is the pre-compression of the 
oblique spring at the static equilibrium, and η (0 ≤ η ≤ 1) denotes 
the ratio of the targeted net stiffness of the resonator at the static 
equilibrium position to kv. The stiffness of the resonator can be 
successfully reduced from kv to ηkv at the static equilibrium by 
the neutralization from NS mechanisms, subjected to the following 
condition

ko

kv
= (1 − η)(l − �l)

2�l
(3)

where ko is the stiffness of the oblique spring.
Note that, the stiffness of the resonator is equal to ηkv only at 

the static equilibrium, while it will increase as the mass deviates 
from this position, or in other words, it is nonlinear. To degrade 
the degree of nonlinearity in the vicinity of the static equilibrium, 
the displacement range corresponding to the stiffness smaller than 

kv, yd =
√

l
2
3 (l − �l)

4
3 − (l − �l)2, is maximized, and one can eas-

ily obtain its solution as �lopt = [1 − (2/3)3/2]l. In practice, the 
pre-compression �l is easy to be adjusted by controlling the pitch 
of the oblique spring screwed into the connector, which also can 
be used to guarantee the counteracting stiffness with the ratio of 
1 − η against possible manufacturing errors of the springs.

2.1. Plane wave expansion (PWE) method

The transfer matrix (TM) method [9,31–36] is unable to take 
damping of the beam and resonators into account, but the PWE 
method [23,37–42] with the form of q(ω) can predict the band 
structures considering damping in both the host structure and res-
onators. Although the resonator has a typical feature of nonlinear 
stiffness (Eq. (2)), the linearized stiffness at the static equilibrium 
is adopted to calculate the propagation constant using the PWE 
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method, under the assumption that the resonator undergoes small-
amplitude oscillations.

The equation of motion of the LR beam with structural damping 
is given by

E(1 + χb
√−1)I

∂4 w

∂x4
+ ρ A
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where χb and χr are the loss factors of the beam and the res-
onator, respectively, δ(x) is the Dirac function, and x j

i = ilc +
( j − 1)lc/N . lc is the lattice constant, w(x, t) is the transverse de-
flection of the beam, and z j

i (t) is the absolute displacement of the 
jth resonator in the ith unit cell. All the resonators are assumed to 
have the same damping. Considering the periodicity of the beam, 
the displacement can be expanded by

w(x, t) =
∞∑

s=−∞
W se−√−1(q+2sπ/lc)xe

√−1ωt (5)

where q is the Bloch wave vector, appearing in the form of a 
scalar for one-dimension wave propagation. Substituting Eq. (5)
into Eq. (4), one can obtain
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Due to the properties of Dirac function, one can achieve the 
following expression
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Substituting Eq. (8) into Eq. (6) yields
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[
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By truncating the infinite series, Eq. (9) can be rewritten in a 
matrix form,
(
q̄4 I + q̄3 A3 + q̄2 A2 + q̄ A1 + A0

)
W = 0 (10)

where q̄ = qlc , W = {W−S , W−S+1, · · · W S }T, (2S + 1) is the num-
ber of the kept terms in the series expansion, I and 0 are identity 
and zero matrices with (2S +1) × (2S +1) dimension, respectively, 
and
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For a given ω, one can obtain 8S + 4 solutions for q from the 
eigenvalue equation, i.e., Eq. (10). The lowest component, whose 
real part lies inside the first Brillouin zone, is considered to be the 
most accurate solution [23], and thus it is adopted to demonstrate 
the band structure. Note that only the solution of the traveling
wave is utilized to show the band structure, and the evanescent 
wave (with zero real part) is not presented here.

2.2. Dynamic analysis of the LR beam with finite length

In order to verify the band structure revealed by the PWE 
method, the equations of motion of the beam coupled with the 
proposed resonators are solved by using the Galerkin method. Note 
that the actual nonlinear stiffness of the resonator (i.e., Eq. (2)) is 
used here rather than the linearized one. Further, the band struc-
ture is demonstrated by vibration transmittance, which is defined 
by a ratio of the displacement amplitude of output signal (at the 
right-hand end of the beam) to that of the input signal (at the 
left-hand end).

When only the damping in the resonator is considered, the 
equations of motion of the LR beam and resonators can be written 
as
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where fR(t) is a random excitation within a bandwidth from 1 
to 400 Hz, which acts at the left-hand end of the beam. fd(x j

i , t)
and f (x j

i , t) are the damping and restoring forces between the res-
onator and the beam, respectively, which are given by
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where c = 2ζ
√

mrkv is the damping coefficient for all the res-
onators.

The Galerkin method is utilized to discretize the system, and 
thus w(x, t) can be assumed to be

w(x, t) =
P∑

p=1

φp(x)Q p(t) (17)

where φp(x) and Q p(t) are the pth trail function and generalized 
displacement, respectively. By substituting Eq. (17) into Eq. (13), 
and then multiplying the resultant equation by the weight func-
tions φp(x) and integrating it from 0 to L, one can obtain
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where the superscript (4) denotes the forth partial derivative with 
respect to x.

Both φp(x) and φp(x) are selected as the mode function φp(x)
of the Euler–Bernoulli beam with free-free end boundary condi-
tion, i.e.

φp(x) = sin(βpx) + sinh(βpx)

+ sin(βp L) − sinh(βp L)

cosh(βp L) − cos(βp L)

[
cos(βpx) + cosh(βp x)

]
(19)

where cos(βp L) cosh(βp L) = 1, L = nlc is the length of the beam.
Considering the orthogonality of mode functions, Eq. (18) can 

be rewritten as
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where mp = ρ A 
∫ L

0 φ2
p(x)dx,kp = E I

∫ L
0 φ

(4)
p (x)φp(x)dx.

The displacements in generalized coordinates of the beam and 
the absolute displacements of all oscillators can be directly ob-
tained by solving simultaneous equations (20) and (14), and then 
substituting these generalized displacements into Eq. (17) gives 
the displacement responses of the beam. Note that the number 
of Galerkin truncation P should be large enough to meet the re-
quirement on computational accuracy.

3. Numerical experiments

In this section, numerical examples are analyzed to demon-
strate how to open multiple band gaps at target low frequencies by 
using the proposed multiple resonators. To further broaden band-
widths of the band gaps, several resonators with resonant frequen-
cies surrounding the target frequencies are added into the unit cell. 
How far away the natural frequency of the added resonator should 
deviate from the target frequency is also discussed. Finally, the ap-
plication of this proposed method in multi-low-frequency vibration 
attenuations of a raft beam is demonstrated.

3.1. Multi-low-frequency band gaps

3.1.1. Band gaps predicted by PWE
Consider a beam with the following parameters: density ρ =

2700 kg/m3, sectional area A = 4 × 10−5 m2, flexural rigidity E I =
0.9333 N m2, length of the unit cell (lattice constant) lc = 0.1 m. 
For the resonators, the mass ratio (total mass of the resonators to 
that of the beam segment in the unit cell) is μ = 0.5, and each 
resonator has the same mass mr = μρ Alc/N . The stiffness of the 
resonator is determined by the central frequency of the band gap 
at which the flexural wave is designed to be attenuated.

For example, the flexural waves at frequencies ωo/3, 2ωo/3, 
and ωo (ωo/2π = 200 Hz) are designated to be attenuated si-
multaneously, and thus the corresponding stiffness of three res-
onators (N = 3) in the unit cell should be designed as kv/9, 4kv/9, 
and kv (kv = mω2

o), namely, the ratios of the net stiffness (i.e., 
the linearized stiffness of the resonator) are η = {η1, η2, η3} =
{1/9, 4/9, 1}. According to Eq. (3), i.e., ko/kv = (1 − η)(l − �l)/2�l, 
and �lopt = [1 − (2/3)3/2]l, the stiffness of the oblique spring can 
be determined by ko, j = 0.5973(1 −η j)kv. In other words, the stiff-
ness of the resonator can be easily tuned to a desired value by 
adjusting only the oblique stiffness.

The band structures of flexural wave propagation in this LR 
beam obtained by using PWE method are depicted in Fig. 2, when 
no damping is considered. In this figure, only the solutions of 
traveling wave are shown, and those of evanescent wave are not 
depicted. The real part of the solution and the imaginary one are 
demonstrated in Fig. 2a and Fig. 2b, respectively. The solution by 
using the PWE method is denoted by dashed lines, which is ver-
ified by the TM method [9,19], as represented by the solid lines. 
Obviously, there is excellent agreement between the solutions by 
using these two methods, when S = 8.

In Fig. 2, three types of frequency regions [10] can be discrimi-
nated in terms of the solution of q: (1) Propagation region, where 
qlc/π is real, and the wave propagates along the beam with-
out attenuation. (2) Complex region, where qlc/π = Re(qlc/π) +√−1 Im(qlc/π) with | Im(qlc/π)| > 0 and 0 < | Re(qlc/π)| < 1, 
and the wave propagates with attenuation. (3) Attenuation region, 
where qlc/π = 1 + √−1 Im(qlc/π) with | Im(qlc/π)| > 0. Such 
three frequency regions are labeled as P, C and A, respectively, in 
the central plane between Fig. 2a and Fig. 2b.

As seen from Fig. 2, three band gaps seamlessly blending at-
tenuation band and complex band are observed around the lo-
cal resonant frequencies ωr1/2π = 66.67 Hz, ωr2/2π = 133.33 Hz, 
ωr2/2π = 200 Hz, i.e. the target frequencies. Obviously, the exis-
tence of attenuation band notably broadens the stop band of wave 
propagation, which could effectively improve the robustness of fil-
tering out undesired waves, when possible uncertainties of local 
resonances occur. Additionally, compared with the lowest Bragg 
scattering frequency ωB,1/2π = (π/lc)2√E I/ρ A/2π = 461.77 Hz, 
these band gaps should be considered as low-frequency gaps.

It is worth noting that the wave propagation within the pass 
bands is controlled by real wave vectors, which reflect the disper-
sion feature of the flexural wave freely propagating in this LR beam 
[10]. As shown in Fig. 2, the wave vectors within the stop bands 
are complex rather than real, so that there is no dispersion within 
the band gaps.
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Fig. 2. Band structure of flexural wave propagation in the Euler–Bernoulli beam by 
using the plane wave expansion (PWE) method, which is verified the transfer matrix 
(TM) method. P: Propagation region, C: Complex region, A: Attenuation region.

3.1.2. Verification of the band gaps
When the damping χb = 0.02 and χr = 0.02 are taken into ac-

count, the imaginary part of the solution obtained by PWE method 
for this beam is depicted in Fig. 3a, which reveals the band struc-
ture. The band structure is verified by dynamic analysis for the 
Euler–Bernoulli beam with 10 unit cells by using the Galerkin 
method, as shown in Fig. 3b. As mentioned in Section 2.2, the band 
gaps are determined by the vibration transmittance. Negative vi-
bration transmittances (in dB) imply wave attenuations. It is worth 
noting again that the actual nonlinear stiffness of the resonator 
rather than the linearized stiffness is used in numerical simula-
tions.

The vibration transmittance is also obtained by finite element 
(FE) analysis, which is depicted in Fig. 3c. The FE model of the 
LR beam is shown in the inserting picture at the up-right corner 
of Fig. 3c. For the beam, there are 300 elements (C3D8R) along 
the length, and 4 elements along the thickness. The springs are 
modeled by the Springs/Dashpots elements, and the lengths of the 
oblique and vertical spring are 14.70 mm and 15 mm, respectively. 
The stiffness of the vertical spring is 2842.45 N/m, and that of the 
oblique spring is determined according to ko, j = 0.5973(1 − η j)kv. 
A rigid sphere with mass 0.0018 kg is used to model the lumped 
mass of the resonator, and rigid cuboids without mass are used to 
model the side supports for oblique springs. A random disturbance 
(white noise) acts on the left-hand end of the beam. And then the 
dynamic responses are achieved by using ABAQUS®/Standard.

Comparing Fig. 3a with both Fig. 3b and Fig. 3c, one can see 
that the band gaps revealed by the PWE method almost completely 
agree with those by both dynamic analysis using Galerkin method 
and FE analysis, which indicates that the PWE method can predict 
the band gaps accurately when damping is taken into account.

3.1.3. Wave attenuation in the LR beam
Under harmonic excitations with frequencies in the Attenuation 

and Complex regions, the steady state responses of the LR beam 
with finite length (10 unit cells, 3 resonators in each unit cell) 
are obtained by dynamic analysis using the Galerkin method, as 
shown in Fig. 4. From this figure, one can observe the deforma-
tion shapes of the beam (Fig. 4a and Fig. 4c) and resonator array 
(Fig. 4b and Fig. 4d), respectively. Remind that w is the transverse 
displacement of the beam, w0 = w(0, t) is the displacement of the 
Fig. 3. Effect of adding resonators with resonant frequencies surrounding the target 
frequencies on broadening band gaps. (a) Image part of the solution obtained by 
using the PWE method. (b) Vibration transmittance of the beam calculated by using 
the Galerkin method. Solid lines, N = 3; dashed-dotted lines, N = 9. (c) Vibration 
transmittance by FE analysis for N = 3; the inserting picture at the up-right corner 
presents the FE model of the LR beam.

Fig. 4. Deformation shapes of the beam (a, c) and resonator array (b, d) under ex-
citations with different frequencies: (a, b) 132 Hz in Attenuation region and (c, d) 
136 Hz in Complex region.

left-hand end of the beam, and z is the absolute displacement of 
the resonator.

Obviously, there is a significant spatial attenuation of the am-
plitude of the flexural vibration caused by the resonators. It also 
can be seen that most of the energy is absorbed by resonators at 
the beginning section of the beam, which is one of the typical fea-
tures of wave attenuation by local resonance [26,43]. Moreover, the 
excitation frequencies 132 Hz and 136 Hz are selected around the 
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Fig. 5. Effect of the off-set ratio of the stiffness deviating from the target stiffness on 
the band structure. The small figure at the left bottom corner is a close-up diagram 
of the first band gap.

second resonant frequency 133.33 Hz, so that only the second res-
onator in the unit cell undergoes resonance, as shown in Fig. 4b 
and Fig. 4d.

3.1.4. Broadening the band gap by adding more resonators
Also shown in Fig. 2, the band gap at low frequency, such as 

ωo/3, is narrow. In order to further broaden this band gap, more 
resonators with resonant frequencies surrounding the target fre-
quencies are added into the unit cell, as has been done by Xiao 
et al. [23]. For example, nine resonators are suspended onto the 
beam in one unit cell at equal interval with net stiffness

ηkv =
{

1

9
(1 − α),

1

9
,

1

9
(1 + α),

4

9
(1 − α),

4

9
,

4

9
(1 + α),1 − α,1,1 + α

}
kv (21)

where α represents the off-set ratio of the resonant stiffness de-
viating from the target stiffness. Note that the mass ratio μ = 0.5
remains unchanged. In other words, the mass of each resonator 
mr = μρ Alc/N becomes smaller as the number of resonators N
increases. Moreover, one may notice that the last element of η, 
i.e., 1 + α, is larger than 1. In such a case, the pre-compression
�l should be changed into pre-stretch with the same magnitude 
to realize additional stiffness to that of the vertical spring in the 
vertical direction. From Fig. 3a and Fig. 3b, one can see the com-
parison of the band structure of the LR beam containing nine 
resonators in one unit cell (dash-dotted lines) with that of three 
resonators (solid lines), which implies that adding more resonators 
with natural frequencies surrounding the target frequencies has a 
considerable capability of broadening the band gaps.

Moreover, the degree of broadening band gaps depends on the 
off-set ratio α of the stiffness deviating from the target stiffness, 
whose effect on the band structure is depicted in Fig. 5. It can 
be seen that, as the off-set ratio increases, the width of the band 
gap become broader, but the magnitude of the peak attenuation 
decreases. When the off-set ratio is selected as a relatively large 
value, such as 0.2, each original band gap is split into three sep-
arate band gaps with narrower bandwidth, which is not expected 
to happen to the band structure. However, when the off-set ra-
tio is small, such as 0.05, the band gap is hardly broadened by 
adding resonators, and the magnitude of imaginary part of solution 
is reduced, which implies that the wave attenuation gets worse. 
Therefore, as a trade-off, a moderate value of α, such as 0.1 in this 
numerical experiment, is adopted to achieve broad and relatively-
high-attenuation band gaps.
Fig. 6. (a) Schematic diagram of a raft beam with NS resonators; (b) computational 
model.

3.2. Vibration attenuation in a raft beam

This section illustrates an application of the multi-low-frequency 
band gap designating method in attenuating vibrations of beams 
in a vibration isolation floating raft [44] excited by multiple 
forces with different frequencies, as shown in Fig. 6. The raft 
beam is a No. 10 I-shape steel beam supported by two EB-400 
resilient isolators at two ends, and possesses the following pa-
rameters: mass per unit length ρ A = 11.2 kg/m, flexural rigidity 
E I = 5.0470 × 105 N m2, length L = 20lc = 2 m (20 unit cells). The 
stiffness of the resilient support is krs = 1.61 × 106 N/m.

The wave number of this raft beam (Euler–Bernoulli beam) can 
be obtained from the following characteristic equation

E Iβ3
p(sin βp L + sinh βp L) − krs(cosβp L + cosh βp L)

− (
E Iβ3

p cosβp L + krs sinβp L
)

× 2krs sinh βp L + E Iβ3
p(cosβp L − cosh βp L)

E Iβ3
p(sinh βp L − sinβp L)

+ (
E Iβ3

p cosh βp L − krs sinh βp L
)

× 2krs sinh βp L + E Iβ3
p(cosβp L − cosh βp L)

E Iβ3
p(sinh βp L − sinβp L)

= 0 (22)

The first five natural frequencies of this raft beam supported by 
resilient isolators are 50.03 Hz, 101.42 Hz, 226.14 Hz, 535.39 Hz 
and 1028.90 Hz. The corresponding mode functions are given by

φp(x) = cosβpx + cosh βpx

+ 2krs(sinh βp L sinβpx + sinβp L sinh βpx)

E Iβ3
p(sinh βp L − sinβp L)

− cosh βp L − cosβp L

sinh βp L − sinβp L
(sinβpx + sinh βpx) (23)

The mode functions are utilized as both the trial and weight func-
tions for the Galerkin method to calculate the dynamic responses 
of the raft beam.

The excitations, acting at points A and B, have the form of 
{FA, FB} = {FA0 cosωAt, FB0 cosωBt}, ωA < ωB. The distances be-
tween the forces and the ends are LAC = L/3 and LBD = L/4, 
respectively. In order to attenuate vibration propagation in the 
raft beam induced by these two excitations, two band gaps are 
assigned at the target frequencies ωA and ωB by using two res-
onators in a unit cell with stiffness {(ωA/ωB)2, 1}kv, where kv =
mrω

2
B = (μρAlc/2)ω2

B. In this case, the mass ratio μ is still se-
lected to be 0.5. Two excitation frequencies {40 Hz, 110 Hz} are 
taken as an example. Since the excitation frequencies are close to 
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Fig. 7. Receptances of the raft beam with two resonators in each unit cell. (a) RBC, 
(b) RBD. Solid lines represent the receptances obtained by dynamic analysis (DA) 
using Galerkin method, and dotes denote finite element analysis (FEA).

the first two natural frequencies, the isolators (without the period-
ically distributed resonators) cannot prevent those excitations from 
being transmitted into the base, and the structural responses of the 
beam are also at high level.

Generally, the vibratory forces or power flows are expected to 
be prevented from being transmitted into the base, and hence the 
receptances at the two ends of the beam are considered here to 
evaluate the performance of wave attenuation. The band gaps of 
these receptances at the target frequencies are created to attenuate 
undesired vibrations transmitted into the base through isolators 
supporting the raft beam.

The receptances Rij of the raft beam is defined as the dis-
placement at the jth point induced by a unit force acting at the 
ith point on the beam. For the raft beam coupled with two res-
onators in each unit cell, the receptances R BC and R B D calculated 
by dynamic analysis (DA) using Galerkin method are presented in 
decibel 20 log10(Rij/1 × 10−6) in Fig. 7, which are validated by FE 
analysis (FEA). Such an FE analysis is carried out by using the com-
mercial FE package ABAQUS® again. The modeling procedure of the 
raft beam coupled with resonators is similar to that of the LR-
beam in Section 3.1. It should be noted that the resilient support 
of the raft beam is modeled as a Springs/Dashpots element with 
stiffness krs, due to a lack of knowledge of material parameters of 
the resilient support (rubber). As seen from Fig. 7, generally, the 
band structure of receptances revealed by dynamics analysis using 
Galerkin method agrees well with that predicated by FE analysis.

Furthermore, the receptances at two ends of the raft beam 
are compared with those of a bare beam (without resonators), 
as shown in Fig. 8. Obviously, there are two gaps of receptances 
at the target frequencies (dashed-dotted lines), which imply that 
the vibrations at the frequencies in the vicinity of the target fre-
quencies can be sufficiently attenuated by the periodic beam with 
resonators. The bandwidth at the higher frequency is broader than 
that at the lower one, due to the fact that the bandwidth of a LR 
band gap is in proportion to the magnitude of the resonant fre-
quency. By comparing Fig. 8a with Fig. 8b, and Fig. 8c with Fig. 8d, 
one can see that the attenuation performances of RAD and RBC are 
better than RAC and RBD, respectively, at both the two target fre-
quencies, because the distances LAD and LBC are larger than LAC
and LBD, respectively, which implies that the farther the point of 
collecting responses is away from the point of acting force, the 
better attenuation performance is obtained. This can be attributed 
to the fact that sufficient resonators are required to achieve good 
attenuations.

It also can be seen from Fig. 8 that the band gaps are nar-
row at the target frequency ωA, especially for RAD and RBC, where 
sharp dips are observed. In order to broaden these band gaps, more 
resonators with resonant frequencies surrounding the target fre-
quencies are added into the unit cell. The corresponding stiffness 
array of the resonators is given by

ηkv =
{(

ωA

ωB

)2

(1 − α),

(
ωA

ωB

)2

,

(
ωA

ωB

)2

(1 + α),

1 − α,1,1 + α

}
kv (24)

where the off-set ratio α is selected as 0.1 again and the mass 
ratio μ = 0.5 remains unchanged. After more resonators are added 
onto the raft beam, the receptances are depicted as solid lines in 
Fig. 8. One can see that the band gaps are broadened by adding 
resonators, which could improve the robustness of this method to 
deal with possible uncertainties of the stiffness of the resonators 
and possible shifts of the excitation frequencies from the target 
Fig. 8. Receptances of the raft beam with and without resonators. (a) RAC, (b) RAD, (c) RBC, (d) RBD. Solid lines represent the receptances of the raft beam with 6 resonators 
in one unit cell, dashed-dotted lines 2 resonators, and dashed lines the bare beam without resonators.
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frequencies, although peak attenuations in the band gaps would 
be reduced to some extent.

4. Conclusions

Multi-low-frequency band gaps of flexural wave in beams are 
assigned by using local resonators containing negative-stiffness 
(NS) mechanisms. The mass of the resonator is suspended by a ver-
tical spring connecting with two oblique springs, which act as an 
NS mechanism and can reduce the stiffness of the resonator to a 
desired value. Numerical experiments are carried out to verify the 
proposed method, and the results reveal that multiple band gaps 
at low target frequencies can be opened using multiple resonators 
in one unit cell, and a stop band seamlessly blending attenuation 
band and complex band is observed, which notably broaden the 
band gaps.

It is also found that adding more resonators into the unit cell 
can effectively broaden the band gaps, when their resonant fre-
quencies surrounds the target frequencies with a proper off-set 
ratio (defined as frequency deviation from the target frequency di-
vided by the target frequency). Additionally, an engineering appli-
cation of the proposed method for attenuating flexural vibrations 
in a raft beam excited by two forces with different low frequen-
cies is demonstrated, which indicates that the multi-low-frequency 
flexural vibrations can be effectively attenuated through assigning 
band gaps of receptances at the target frequencies.
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