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a b s t r a c t

A large scale floating airport, consisting of multi-modules coupled with flexible connectors, can be
viewed as a dynamic network. The special dynamic behavior of amplitude death, a suppressed weak
oscillatory state, is studied by using the nonlinear network theory. A generalized network model is
established for the floating airport, and an analytical solution of its response is formulated. A semi-
analytical method is employed to analyze the amplitude death phenomenon and then a critical
condition is derived. The parameter domain for the onset of the amplitude death is obtained by
numerical simulations which match well with the analytical results. The work provides a typical
application of the network theory in the marina engineering and illustrates the importance of amplitude
death mechanism in the stability design of very large floating structures.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

With growing population and expansion of urban develop-
ment, engineers have proposed the construction of very large
floating structures (VLFS) for industrial space, floating airport,
storage facilities and even habitation because of the distinct
advantages of relatively simple construction and ease of main-
tenance (Watanabe et al., 2004; Cui et al., 2007). Design and
construction for VLFS have been discussed and studied to some
extent at least as far back as 1924 that Edward R. Armstrong
patented the Sea Station to be used as airplane supply and
navigating stations (Armstrong, 1924). The Sea Station was to
serve as refueling airfields at sea in Armstrong Seadrome for
transatlantic aircraft hauling freight and passengers between the
United States and Europe (Armstrong, 1943). However, the enthu-
siasm for building these floating structures was dampened due to
very high cost and failure to address security concerns. It was not
until 1970s that the VLFS technology was revived and developed
further by the Japanese to create a floating airport for the Kansai
International Airport (Wang and Tay, 2011). Although the Kansai
airport did not adopt the floating airport design, the research and
development exercise prepared the Japanese engineers and naval

architects to build the Mega-Float in Tokyo Bay in 1995 as a test
floating runway. Different from the pontoon-type proposed by
Japanese, the US navy also proposed mobile offshore base (MOB)
which consists of several semi-submersible modules with a total
length of about 5000 ft in the late1999s to support military
operations where conventional land bases were not available
(Bhattacharya et al., 2006). Apart from Japan and USA, other
countries such as Norway (Faltinsen, 1996; Rognaas et al., 2001),
the United Kingdom (Taylor and Waite, 1978), Netherlands
(Pinkster and Fauzi, 1997), China (Chen et al., 2001; Fu et al.,
2007), Korea (Hong et al., 1999) and Singapore (Koh and Lim,
2009) have carried out researches on VLFS. Design of large scale
floating airport is difficult, because it has to satisfy stringent
functional and operational requirements (Gao et al., 2011). For
example, the maximum pitch angle between modules must be less
than about 0.861 for the aircraft operation on Mobile Offshore Base
in Sea State 6 (Rognaas et al., 2001). So the stringent tolerance on
the deformation of the floating structure requires relatively precise
prediction on dynamic responses in the design stage.

Due to massive size of the VLFS, methods of dynamic prediction
are very much different from that of other marine structu-
res. Based on flat structure characteristic of floating airport,
some scholars adopted the beam or plane models, including
the hydroelastic effect to analyze the dynamic responses (Aoki,
1997; Hamamoto, 1994; Kashiwagi, 1998; Khabakhpasheva and
Korobkin, 2001; Kim and Ertekin, 1998). These simplified models
are only suitable for the pontoon type VLFS. In general, since the
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VLFS has much larger horizontal dimensions than the vertical one,
it is usually constructed by connecting multiple standardized
modules with connectors for easy construction, transportation
and deployment (Watanabe et al., 2004). For the multi-modules
floating structures, the simplified beam or plate models are no
longer suitable due to the effect of the stiffness of flexible
connector. Considering the stiffness of the flexible connector
between the adjacent modules which is much less than the
stiffness of the module structure itself, some scholars proposed
hinged elastic beam or plate models (Du and Ertekin, 1991; Lee
and Newman, 2000; Maeda et al., 1979; Riggs and Ertekin, 1993)
and dynamics predictions were carried out by using linearized
modal superposition or finite element discretization methods. We
stress that linearlization methodology could generally fail to
analyze the true dynamics of VLFS. Due to the considerable
differences in the scale sizes between the floating modules and
flexible connectors, small displacements of the floating modules
may cause very large displacements at joints of connectors, which
gives rise to strongly geometrical nonlinearity when establishing
the connector model. Xu et al. (2014a) and Zhang et al. (2015)
reported that the nonlinear stiffness of connectors may signifi-
cantly amplify the module responses through jumping phenom-
ena, which the linear methods cannot reveal.

The floating airport under consideration in this paper consists
of multiple modules that are coupled with flexible connectors in a
chain topological form. Each floating module can be viewed as an
oscillator in waves and the connector between adjacent modules
can be viewed as a coupling. Thus the integrated platform
becomes a typical dynamic network system in which the non-
linearity may be derived from fluid–structure interaction, elastic
material properties or geometric nonlinearity of the flexible
connectors. The dynamic characteristics may involve complex
network dynamic phenomena such as synchronization, hysteresis,
phase lock and shift (Kaneko, 1993; Ott, 2002; Pecora and Carroll,
1990). Among the remarkable phenomena, amplitude death refers
to the dynamic stability for the network structure system (Bar-Eli,
1984). Different from the traditional concept of stability, amplitude
death means that the oscillation of all oscillators in the network
system collectively tends to zero motion in autonomous networks
(Saxena et al., 2012) or a suppressed weak oscillatory state in non-
autonomous networks (Resmi et al., 2011) due to the interaction
among coupled oscillators. Amplitude death is a typical stationary
state for nonlinear network systems.

In this paper, we investigate a special dynamic behavior of the
suppressed weak oscillatory state of a floating airport based on the
mechanism of amplitude death because it is important for the
stability design of the floating airport and load reduction in
flexible connectors. Our recent works (Xu et al., 2014a; Zhang
et al., 2015) pioneered the application of network theory to the
nonlinear dynamics prediction of the floating airport, and pre-
liminarily investigate the complex nonlinear dynamic phenomena
of the floating airport in two degrees of freedom of the surge and
heave motions. The results indicated that the traditional methods
may greatly underestimate the actual responses and loads on the

structure of the floating airport (Xu et al., 2014c). The previous
works (Xu et al., 2014a; Zhang et al., 2015) mainly explored the
feasibility of the new methodology and did not cover a complete
and strict mathematic explanation for the important phenomenon
of amplitude death. This paper gives a full explanation of ampli-
tude death and further extends the floating airport model to the
three degrees of freedom including surge, heave and pitch
motions. A new model of rubber-cable connector is adopted. A
chain-type nonlinear network dynamic model of floating airport is
formulated based on the linear wave theory, a dynamic model of
single floating module, a coupling model of the new connector and
a constraint model of a mooring system. A semi-analytical critical
condition of amplitude death is derived by using an averaging
method. Based on the mechanism of amplitude death, we inves-
tigate the parametric domain for the suppressed weak oscillatory
state of the floating airport and the results can be used as a
theoretical guideline for the stability design of the floating airport.
It is worthy to notice that the methodology of network dynamic
theory applied in this paper can be extensible to many engineering
problems with similar network structures.

2. Network model of floating airport

The sketch of the chain-type floating airport is shown in Fig. 1
in which the original point of global coordinates is set in free
surface, the x-axis is on the undisturbed free-surface and the z-
axis is upwards. The network model of the multi-module floating
airport is to be integrated by using the dynamic model of a single
floating body and coupling model of connector and the constraint
model of the mooring system.

2.1. Model of a single floating body

In this paper, the floating modules are considered as rigid
bodies and the surge, heave and pitch motions are considered. The
mathematic model of the i-th module can be formulated by
Cummins Equation (Taghipour et al., 2008) using a linear wave
theory (Stoker, 2011),

ðMiþμiÞ €Xiþλi
_XiþSiXi ¼ FiW þFiCþFiM ð1Þ

whereXi ¼ xi; zi;βi

� �T denotes the generalized displacement for
surge, heave and pitch motions of i-th module. Mi, Si indicate
the mass and hydroelastic restoring matrix, written as

Mi ¼
m 0 mðzc�zgÞ
0 m �mðxc�xgÞ

mðzc�zgÞ �mðxc�xgÞ IVxxþ IVzz

2
64

3
75 ð2Þ

Si ¼
0 0 0
0 ρgAW �ρgIWx
0 �ρgIWx ρgðIWxx þ IWzz Þ�mgðzc�zgÞ

2
64

3
75 ð3Þ

where m is the mass of the single module, AW denotes the area of

Fig. 1. Sketch for the multi-module floating airport.
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water plan satisfied AW ¼ L for the two dimensional problem.
ðxc; zcÞand ðxg ; zgÞ indicate the coordinates of the rotation and mass
center respectively. V is the volume of submerged module which
satisfied V ¼ Ld, where L and d denote the length and sub-depth of
module. The first and second moments of inertia of water plane
area and submerged volume with respect to the rotation center
IWx ; IWxx ; I

W
zz ; I

V
xx; I

V
zz are defined as below (Sannasiraj et al., 2001)

IVxx ¼∬V ðx�xcÞ2dm; IVzz ¼∬V ðz�zcÞ2dm; IWx ¼
Z
AW

ðx�xcÞdA; IWxx

¼
Z
AW

ðx�xcÞ2dA; IWzz ¼∬AW ðz�zcÞ2dm:

The classical linear wave theory is commonly used to formulate
the hydrodynamic model in which the wave potential can be
divided into incident potential, scattered potential and radiation
potential (Stoker, 2011). The matrices μ; λ in Eq. (1) represent the
added mass and the added damping respectively as a result of the
radiation potential due to the motion of the module, and their
elements can be determined by using the eigenfuncition expan-
sion matching method when wave frequency is given (Zheng et al.,
2004). The incident and diffraction wave potential mainly con-
tribute to the periodic excitation force, while the effect of scattered
wave potential is not considered here for the reason of simplicity.
As the main purpose of this work is to elaborate the special
dynamic phenomenon of amplitude death of the floating airport,
we attempt to keep all models simple, including the wave model.
For a head wave of height a and wave regular frequency ω, the
wave force FiW imposed on the i-th floating module is written as

FiW ¼ f wx; f wz ; f wβ
h iT

exp � iωtð Þ ð4Þ

where i¼
ffiffiffiffiffiffiffiffi
�1

p
and the force amplitudef wx; f wz ; f wβ can be

obtained by integrating the incident potential along its wet
surface, formulated as

f wx ¼ 2ρga sin ðkL=2Þshkh�shkðh�dÞ
kchkh

f wz ¼ 2ρga sin ðkL
2
Þchkðh�dÞ

kchkh
exp iπ=2

� �

f wβ ¼ �ωρa�
2 sin kL=2ð Þ

k2chkh
ðkdshkðh�dÞþchkðh�dÞ�chkhÞ

þ chkðh�dÞ
k2chkh

ðkL cos kL=2
� ��2 sin kL=2

� �Þ
0
B@

1
CA ð5Þ

Since the hydrodynamic model of the single module is a
well-developed method, only the relevant references are cited
for further reading without involving detailed mathematic
derivations.

The last two terms of Fi;C ; Fi;M in the right handside of Eq. (1)
indicate the connector force and the force produced by mooring
system to be derived later.

2.2. Coupling model of connectors

Connectors are the key elements that play an important role in
dynamic responses of the floating airport. This coupling model in
fact describes the force–deformation relationship of the connector
associated with module positions. Traditional methods simply
assign linear stiffness for connectors in each direction of the
motion, and truncate the important effect of nonlinearity. It is
worthy to notice that the nonlinearity could be caused not only by
the material property but also by the geometric configuration of
the connector. The geometric nonlinearity is induced by the large
displacements at connection points, because small pitch motions
of the modules could lead to significant displacements at the
connection joints due to the huge scale of the modules.

In this paper, a rubber–cable connector is considered where the
cable holds linear property and the rubber possesses cube prop-
erty in stiffness, shown in Fig. 2(a).

In Fig. 2(a), the blue block marked with width δ is two
trapezoid rubbers, two elastic cables are tied with adjacent
modules in parallel with distance δ2 and the initial length of the
cable is δ. In this connector model, we assume that the rubber only
constrains the compressive motion (the shearing deformation
ignored) and the cable constrains departure motions of floating
modules.

The floating modules are considered as rigid bodies and the
surge, heave and pitch motions are considered. The origin of the
local coordinate for each floating module is set at the rotation
center of floating module, Xiaxis is parallel with undisturbed free-
surface and Zi axis points upwards. The relationship between
initial and deformation positions of the adjacent modules is shown
in Fig. 2(b).

We simplify the adjacent modules as two triangles. The solid
circles denote the rotation centers of the adjacent modules and the
hollow circles denote the hinge joints between which the solid
lines labeled with C1

ij;C
2
ij denote the connectors. The dashed line

triangle denotes the initial position and the solid line represents
the position after deformation with the displacement ðxi; zi;βiÞ and
ðxj; zj;βjÞ. The pitch angle β of each module is a small quantity due
to the huge scale of the module, so that

sin β6β; cos β61 ð6Þ

In what follows, we will formulate the mechanical model of the
coupled connectors based on the approximation of Eq. (6). Con-
sidering the geometric relationship of adjacent modules, the
deformation of cables ΔlðkÞij ðk¼ 1;2Þ are formulated as

Δl kð Þ
ij ¼

0; l kð Þ
ij �δr0

l kð Þ
ij �δ; l kð Þ

ij �δ40
k¼ 1;2

8<
: ð7Þ

Fig. 2. (a) Sketch for the connecter. (b) The position relationship for adjacent modules. (For interpretation of the references to color in this figure, the reader is referred to the
web version of this article.)
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where

l 1ð Þ
ij ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sgnðj−iÞδþδ2

2
ðβj−βiÞþxj−xi

� �2
þ sgnðj−iÞL

2
ðβjþβiÞþzj−zi

� �2s
;

l 2ð Þ
ij ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sgnðj−iÞδ−δ2

2
ðβj−βiÞþxj−xi

� �2
þ sgnðj−iÞL

2
ðβjþβiÞþzj−zi

� �2s
:

The direction vector for the projection of the cables deforma-
tion is formulated as

n kð Þ
ij ¼Θ kð Þ

ij iþΠ kð Þ
ij j ð8Þ

where i; j denote the unit vector of x; z axis and ΘðkÞ
ij ;Π

ðkÞ
ij denote

the deformation coefficients in the surge and heave directions,
respectively,

Θ 1ð Þ
ij ¼ sgnðj−iÞδþδ2ðβj−βiÞ=2þxj−xi

lð1Þij

Π 1ð Þ
ij ¼ sgnðj−iÞLiðβjþβiÞ=2þzj−zi

lð1Þij

Θ 2ð Þ
ij ¼ sgnðj−iÞδ−δ2ðβj−βiÞ=2þxj−xi

lð2Þij

Π 2ð Þ
ij ¼ sgnðj−iÞLiðβjþβiÞ=2þzj−zi

lð2Þij

ð9Þ

The arms of force imposed on the rotation center of i-th
module due to cable forces are formulated as

r kð Þ
ij ¼ r kð Þ

ijx iþr kð Þ
ijz j ð10Þ

where

r 1ð Þ
ijx ¼ sgnðj� iÞLi=2þδ2βi=2; r

1ð Þ
ijz ¼ δ2=2�sgnðj� iÞLiβi=2

r 2ð Þ
ijx ¼ sgnðj� iÞLi=2�δ2βi=2; r

2ð Þ
ijz ¼ �δ2=2�sgnðj� iÞLiβi=2 ð11Þ

The vector diameters of moment imposed on the rotation
center of i-th module due to the cable forces are formulated as

m kð Þ
ij ¼ r kð Þ

ij � n kð Þ
ij ¼ϒ kð Þ

ij k ð12Þ

where k denotes the unit vector of y axis and ϒ ðkÞ
ij denotes the

deformation coefficients in the pitch direction, substituting
Eqs. (8) and (10) into Eq. (12), we obtained

ϒ kð Þ
ij ¼Θ kð Þ

ij r
kð Þ
ijz �Π kð Þ

ij r
kð Þ
ijx ð13Þ

In this paper, we assume that a single cable connector has a
linear stiffness kc along its longitudinal direction, thus the cable
force of the combined connectors imposed on the i-th module
gives,

Fcij ¼ kc Δlijx Δlijz Δlijβ
h iT

ð14Þ

where

Δlijx ¼Δl 1ð Þ
ij Θ

1ð Þ
ij þΔl 2ð Þ

ij Θ
2ð Þ
ij ; Δlijz ¼Δl 1ð Þ

ij Π
1ð Þ
ij þΔl 2ð Þ

ij Π
2ð Þ
ij ;

Δlijβ ¼Δl 1ð Þ
ij ϒ

1ð Þ
ij þΔl 2ð Þ

ij ϒ
2ð Þ
ij ð15Þ

The deformation of the rubber Δrij is formulated as

Δrij ¼
xj�xi; sgnðj� iÞðxj�xiÞo0
0; sgnðj� iÞðxj�xiÞZ0

(
ð16Þ

In this paper, we assume that the rubber has a cubic stiffness kr ,
the rubber force imposed on the i-th module gives,

Frij ¼ kr Δrij3 0 0
h iT

ð17Þ

By now, the mechanical model for the coupled rubber–cable
connector is formulated in Eqs. (14) and (17). Note that the model of

the combined connector has a piecewise nonlinear characteristic
which contains geometric nonlinearity in Eq. (14) and the material
nonlinearity in Eq. (17). It is worth to notice that the hinge points
have very large displacements even if the pitch angles of the
modules are small due to the massive scale of the modules. Thus
the connector model of cable has strong nonlinearity.

2.3. Constraint model of mooring system

The floating structure is practically constrained by a mooring
system to prevent drifting. In this paper, we chose the slack
mooring line as the mooring system in our model. The mooring
line tension acting on the floating module is represented as a
linear function of displacement by using integrated equations of
deep sea mooring lines in a static equilibrium (Ogawa, 1984). The
derivation for the linearized stiffness coefficients of the mooring
matrix K follows the simplified method suggested by Jain (Jain,
1980). It assumed that the mooring line is perfect flexible,
inextensible and heavy.

The sketch showing a two dimensional floating structure
moored by catenary line of length H is shown in Fig. 3. The
mooring line is anchored at point Bwith a bottom angle θ0 and the
other end is attached at point Q of the floating module. The
catenary line is extended hypothetically beyond B for a length l to
B0, so that the angle θ at B0 is zero. Two sets of rectangular
coordinatesðξ;ϑÞ and ðχ;ΩÞ are chosen in the plane of the catenary
line through B and B0, respectively.

In the coordinate system ðχ;ΩÞ,the initial horizontal and
vertical tensions of the catenary line can be written as

Uh ¼ U cos θ¼ U0

Uv ¼ U sin θ¼ws ð18Þ
where U denotes the catenary line tension, w is unit weight of
catenary line, U0 denotes initial horizontal catenary tension. s is
the total arc length of catenary line measured from point B'.

The basic catenary line equations are formulated as

χ ¼ U0=w
� �

sinh�1ðws=U0Þ

Ω¼ U0=w
� �

1þðws=U0Þ2
h i1=2

�1
	 


ð19Þ

Thus coordinates of points Q ;B in the ðχ;ΩÞ coordinate system
can be written as

χQ ¼ U0=w
� �

sinh�1ðwH=T0Þ
ΩQ ¼ U0=w

� �
1þðwH=U0Þ2�

1=2�1
h on

ð20Þ

χB ¼ U0=w
� �

sinh�1ðwl=U0Þ

ΩB ¼ U0=w
� �

1þðwl=U0Þ2
h i1=2

�1
	 


ð21Þ

where H ¼Hþ l, and the catenary line tension at point Q ;B can be
formulated as

Fig. 3. Coordinate diagram of mooring line.
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UQ ¼U0 1þ wH=U0
� �2h i1=2

ð22Þ

UB ¼ U0 1þ wl=U0
� �2h i1=2

ð23Þ

Thus, the linearized stiffness coefficients can be formulated as
(Sannasiraj et al., 1998)

K12 ¼U0 w
UBH�UQ l
UQ �UB

 !
ζQ
U0

� UBH�UQ l
UQUB

 !" #
�U0

2ϑQ

UQUB

( )�1

ð24Þ

K11 ¼
w
U0

UBH�UQ l
UQ �UB

 !
K12 ð25Þ

K22 ¼
w
U0

UBUQ

UQ �UB

� �
ζQ
U0

� UBH�UQ l
UQUB

 !" #
K12 ð26Þ

K13 ¼
wZQ

U0

UBH�UQ l
UQ �UB

 !
�XQ

" #
K12 ð27Þ

K23 ¼ ZQ �
wXQ

U0

UBUQ

UQ �UB

� �
ζQ
U0

�UBH�UQ l
UQUB

" #( )
K12 ð28Þ

K33 ¼
8<
:wZQ

2

U0

UBH�UQ l
UQ �UB

 !
�wXQ

2

U0

UBUQ

UQ �UB

� �
ζQ
U0

�UBH�UQ l
UQUB

" #

�2XQZQ

9=
;K12 ð29Þ

where XQ ; ZQ
� �

is the coordination of the attachment point Q in
the local coordinate shown in Fig. 2. Also the mooring matrix is
symmetric, namelyKij ¼ Kji; i¼ 1;2;3; j¼ 1;2;3.

Generally, the length H of mooring line, project length s0 and
water depth hare known. The initial horizontal tension T0, anchor
angle θ0 and hypothetical projected length l can be evaluated from
the Eq. (18) for catenary line tension and the basic catenary line
Eq. (19). And then, the mooring stiffness matrix can be calculated
using Eqs. (24)–(29). Thus the force of mooring lines imposed on
floating modules can be defined as

Fm ¼ �KX ð30Þ

2.4. Network dynamics model of floating airport

In this section, we will integrate all the models derived above
to form the network dynamic model of N modules floating airport.
For computing the total connector loads imposed on the i-th
module, we introduce a topology matrix Φ to deal with arbitrary
connection among the floating modules. The element Φij of
topology matrix Φ is set to 1 when the i-th module connects
with the j-th module, otherwise Φij is set to zero. The diagonal
element Φii is set to zero, meaning that a module cannot connect
with itself. Referring to the model of the rubber–cable connector
described in Eqs. (14) and (17), the total force imposed on i-th
module can be formulated as

FiC ¼ ε1
XN
j ¼ 1

ΦijG1ðXi;XjÞþε2
XN
j ¼ 1

ΦijG2ðXi;XjÞ ð31Þ

The two terms in the right hand side of Eq. (31) represent the
physical features of the coupling among adjacent modules. The
parameters ε1; ε2 denote coupling strengths which correspond to
the stiffness of the rubber and the cable, respectively. G1ðXi;XjÞ
and G2ðXi;XjÞ are the coupling functions which describe the

coupling characteristics of the connector, given as

G1ðXi;XjÞ ¼ Δrij
3;0;0

� �T ð32Þ

G2ðXi;XjÞ ¼ Δlijx Δlijz Δlijβ
h iT

ð33Þ

where the expressions of symbols Δrij;Δlijx;Δlijz;Δlijβ have been
given in Eqs. (15) and (16). Note that the coupling function in Eq.
(32) describes the material nonlinearity, and the coupling function
in Eq. (33) describes the geometric nonlinearity, different from the
linear stiffness assumption (Riggs et al., 1999). From the perspec-
tive of network dynamics, the piecewise nonlinear coupling in Eqs.
(32) and (33) is different from the delay coupling (Strogatz, 1998)
and the dynamic coupling (Konishi, 2003).

Introduction of the topology matrix into the dynamics model
enables to deal with the arbitrary connection of modules, which
results in diverse types of topological network structures by only
changing the element assignment. For the different types of
topology network, such as a ring form or a rectangular form, we
can formulate the models only by assigning the elements value of
the topology matrix accordingly. For the chain-type network
model of the floating airport, the topology matrixΦij is symmetric,
given by

Φij ¼
1 j¼ iþ1
0 others

	
i¼ 1;2;⋯;N; j¼ i; iþ1;⋯;N ð34Þ

Considering the simplest linear mooring model derived above
in Eq. (30), the mooring force imposed on the i-th module can be
written as

FiM ¼ �KiXi ð35Þ
For a chain-type floating airport consisting of N floating

modules coupled by flexible connectors, based on a single floating
model in Eq. (1) with consideration of coupling effects of con-
nector model in Eq. (31) and the constraint model of mooring
system in Eq. (35), the network dynamic model can be formulated
as

ðMiþμiÞ €Xiþλi
_XiþðKiþSiÞXi ¼ FiWexp � iφi

� �
þε1

XN
j ¼ 1

ΦijG1ðXi;XjÞþε2
XN
j ¼ 1

ΦijG2ðXi;XjÞ; i¼ 1;⋯;N ð36Þ

The first term on the right hand side of Eq. (36) denotes wave
forces imposed on the i-th module. When a head wave propagates
along the huge size of the floating airport, the wave forces
imposed on the adjacent modules have a phase delay
Δφiðiþ1Þ ¼φiþ1�φi ¼ kðLiþLiþ1Þ=2, where φ stands for phase
angle, subscript i represents the i-th module.

By now, the network dynamic model of chain-type floating
airport with flexible connectors is developed. The nonlinearity is
resulted from of the connector model. The network model Eq. (36)
stands for a generalized model which is feasible to describe the
dynamics of multi-module floating structures in arbitrary topology
shapes.

3. Amplitude death of floating airport

Different from the traditional concept of stability, we investi-
gate the special stability state for the floating airport based on
amplitude death mechanism. The phenomenon of amplitude
death is illustrated by numerical simulation to understand its
physical meaning of dynamic stability for the floating airport. Then
the mechanism of the amplitude death is investigated using an
averaging method and furthermore the critical condition is
derived. In the end, the parametric domain for the emergence
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stationarity of the floating airport is given based on amplitude
death mechanism.

3.1. Phenomenon of amplitude death

A floating airport is constructed by serially connecting multiple
floating modules in waves. For the convenience to illustrate the

behaviors of the floating airport, an airport model consisting of
5 modules is considered. The box-type is chosen for a single
floating module and its property is listed in Table 1.

The distance between adjacent modules and the initial length
of the connector are set as δ¼ 5 m, the vertical distance between
parallel cables is δ2 ¼ 5 m. Considering that the difference
between the two stiffnesses of the rubber and cable should not
be large, we introduce a coupling strength ratio ηð0oηo1Þ that is
the stiffness ratio of the rubber over the cable. For this simulation,
the coupling strength ratio is η¼ 0:6. The parameters of sea
conditions are set with wave height a¼ 3 m, namely the 5th sea
state, and water depth h¼ 50 m, wave period T ¼ 10 s. The para-
meters for the mooring system are set at the unit weight of
catenary line w¼ 3253:6 N=m, length H ¼ 350 m, project length
s0 ¼ 310 m (Winkler et al., 1990) and coordinates of the attach-
ment point XQ ; ZQ

� �¼ 7100;0ð Þ.
Fig. 4 illustrates the responses of surge, heave and pith versus

cable stiffness kc . From Fig. 4(a)–(c), we see that the responses in all
degrees of freedom for all modules are relatively weak when the
coupling strength kco4:71� 104 N=m and the amplitudes are
simultaneously amplified at a critical value of coupling strength
kc ¼ 4:71� 104 N=m. Compared with the different modules, the
amplitudes of different module are almost the same before jump-
ing up but after that diverse differently for the parameter region of
large oscillation especially for the surge freedom. According to the
definition for amplitude death as noted by Resmi et al. (2011) for
non-autonomous system, the low-level oscillation state for the
interval of 0okco4:71� 104 N=m is regarded as an amplitude
death which corresponds to the calm state for the floating airport.
In comparison with the state of the amplitude death and the large
oscillation amplitude for the surge motion is amplified more than
4 times after the jumping phenomenon occurs, which extremely
threatens the safety of the floating airport. For real sea condition,
the wave form could be complex involving wave noise or even
completely stochastic process (Kerman, 1988). However, the sto-
chastic process analysis for high-dimensional nonlinear systems
does not have a full-fledged method. Thus our work does not
include stochastic analysis. In order to illustrate the weak wave
noise effect on our results, a simple example for added wave noise
is illustrated in Fig. 4(d). A zero-mean weak Gauss White Noise
(GWN) GðtÞ with signal to noise ratio (SNR) η¼ 70 db is added to
Eq. (36). The resulting evolution of the surge motion does not
change much in the studied range of stiffness kc and the jump
point is almost the same compared with Fig. 4(a) without noise. In
the noise case the amplitude curve becomes non-smooth in the
varying region of kc even if in the amplitude death region. Above
analysis clarifies that the weak wave noise cannot affect the
characteristic response significantly.

The similar results can be observed from the connector loads.
Fig. 5 shows the connector loads versus coupling strength where
the cable load and the rubber load marked with C;R rise up
significantly after the end of amplitude death state.

From Fig. 5, the connector loads have the similar evolution
pattern with the response of surge motion. The loads of connectors
in symmetrical location are equivalent. The rubber load is larger
than the cable load at the same parameters. Similarly, the
connector loads are all relatively small in the internal of
kco4:71� 104 N=m where the amplitude death state exists. The
rubber and cable loads are amplified at the critical of kc ¼ 4:71�
104 N=m at which the response experiences a jumping up event.
The connector load is amplified almost 5 times at the critical
parameter. We remark that the state of amplitude death (weak
oscillation state) is a great concern because it makes the system
remain in a calm state meanwhile keeps the connector load at low
level. By observing the weak oscillation state, we found that the
weak oscillation follows the wave frequency.

Table 1
Property of single floating module.

Length L(m) Height D(m) Sub-depth d(m) Linear density m0(kg /m)

200 8 5 5125

Fig. 4. The response amplitude versus coupling strength of (a) surge motion,
(b) heave motion,(c) pith motion and (d) surge motion after adding GWN noise in
the wave period T ¼ 10 s.
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After having simulated many other cases not reported here, we
can conclude the following features in common. (1) The weak
oscillation state namely amplitude death widely exists for the
multi-module floating airport with flexible connector. (2) Based on
the synergetic effect of network, the amplitude jumping phenom-
enon happens simultaneously among all modules, which means
that different modules share the same parameters domain of
amplitude death. (3) The frequency of the weak oscillation state
is always identical to the wave frequency. The determination of
parameters domain for amplitude death is significant for the
global dynamic stability of the multi-module floating airport and
its safety design of flexible connectors.

3.2. Analytical solution for weak oscillation state

With the clue of the equivalence between the weak oscillation
period and wave period, we are interested in knowing the solution
structure of the weak oscillation state. It helps to understand the
mechanism of amplitude death, and further improve dynamic
stability of the floating airport by using the mechanism of
amplitude death, having significant value for engineering safety
design. With this motivation, we should derive the analytical
solution of the weak oscillation state by using a simple harmonic
averaging method (Xu et al., 2014b). Examining the governing Eq.
(36) for the floating airport, there are two technical difficulties.
The first is to deal with high-dimensional nonlinear differential
equations, and the second is to deal with the complicated form of
nonlinear coupling function.

For the nonlinear coupling function, we may expand it into a
power series, given as

Ψ ðXi;XjÞ �
XNT

n ¼ 0

1
n!

ðXj�Xj0Þ
∂
∂Xj

þðXi�Xi0Þ
∂
∂Xi

� �n
GðXj0;Xi0Þ ð37Þ

where Ψ ðXi;XjÞ denotes approximate coupling function and
Xj0;Xi0 indicate the coordinates of equilibrium position for the
i; j-th modules respectively. NT indicates the order of the Taylor's
series. The detailed derivation of Ψ ðXi;XjÞ for the model explained
in Eq. (36) in this paper can be found in Appendix. Then we obtain
the approximate governing equation

Miþμi

� � €Xiþλi
_Xiþ KiþSið ÞXi ¼ FiWexp � iφi

� �þ XN
j ¼ 1

ΦijΨ ðXi;XjÞ; i¼ 1;⋯;N

ð38Þ

To deal with the high dimensional system, we rewrite Eq. (38)
in a matrix form as

M €YþC _YþKY¼ f ð39Þ

where

M¼ dia½M1þμ1;M2þμ2;⋯;MNþμN�;C¼ dia½λ1;λ2;⋯;λN�;
K¼ dia½K1þS1;K2þK2;⋯;KNþSN �;Y ¼ ½X1;X2;⋯;XN �;

f ¼ ½F1Wexp � iφ1

� �þXN
j ¼ 1

Φ1jΨ ðX1;XjÞ;⋯; FNWexp � iφN

� �

þ
XN
j ¼ 1

ΦNjΨ ðXN ;XjÞ�:

Applying the averaging method, the solution of weak oscilla-
tion state which should be governed by the wave frequency ω is
assumed as

YðtÞ ¼ uðtÞ cos ðϕÞþvðtÞ sin ðϕÞ
_YðtÞ ¼ �uðtÞω sin ðϕÞþvðtÞω cos ðϕÞ ð40Þ
where symbol ϕ¼ωt and u; v are the components of response
amplitude, written as

uðtÞ ¼ ½u1;u2;⋯;uN �T ; ui ¼ ½ui1;ui2;ui3�
vðtÞ ¼ ½v1; v2;⋯; vN�T ; vi ¼ ½vi1; vi2; vi3� ð41Þ
assumed to be slow functions about time t. With the solution form
in Eq. (40), we can deal with the high-dimensional system with
the matrix form conveniently.

Differentiating the first equation of Eq. (40) with respect to the
time t, we obtain

_YðtÞ ¼ _uðtÞ cos ðϕÞ�uðtÞω sin ϕþ _vðtÞ sin ϕþvðtÞω cos ðϕÞ; ð42Þ
Substituting the second equation in Eq. (40) into Eq. (42), the

resulting equation is

_uðtÞ cos ϕþ _vðtÞ sin ϕ¼ 0 ð43Þ
Also differentiating the second equation of Eq. (40), we obtain

€YðtÞ ¼ � _uðtÞω sin ðϕÞ�uðtÞω2 cos ϕþ _vðtÞω cos ðϕÞ�vðtÞω2 sin ϕ;
ð44Þ

Substituting the expressions about €YðtÞ; _YðtÞ and YðtÞ into
Eq. (39), the following equation is found:

ðM _vω�Muω2þCvωþKuÞ cos ϕ�ðM _uωþMvω2þCuω�KvÞ sin ϕ

¼ Fðu; v; tÞ ð45Þ
Then, Eq. (43) is multiplied by Mω cos ϕ; Eq. (45) is multiplied

by � sin ϕ. Adding the two equations, we obtained,

M _uω¼ ðK�Mω2Þv�Cuω
� �

sin 2ϕ

þ ðK�Mω2ÞuþCvω
� �

cos ϕ sin ϕ�F sin ϕ ð46Þ
Assuming the variables u;v in Eq. (40) are slow functions

about t, we take the average value along a period of variable ϕ
as the true value by treating u and v as constants. The result

Fig. 5. Connector load evolution under the coupling strength of (a) cable loads and (b) rubber loads with wave period T ¼ 10 s.
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turns out to be

_u¼M�1

2ω
ðK�Mω2Þv�Cuωþq 1ð Þ� � ð47Þ

Similarly, we obtain the average equation about v, written as

_v¼ �M�1

2ω
ðK�Mω2ÞuþCvωþq 2ð Þ� � ð48Þ

where

q kð Þ ¼ ½q kð Þ
1 ; q kð Þ

2 ;⋯; q kð Þ
N �T ; q kð Þ

i ¼ ½q kð Þ
i1 ; q

kð Þ
i2 ; q

kð Þ
i3 �; k¼ 1;2

q 1ð Þ ¼ �1
π

Z 2π

0
F sin ϕdϕ; q 2ð Þ ¼ �1

π

Z 2π

0
F cos ϕdϕ:

In this way, the non-autonomous system Eq. (36) is converted
into the autonomous system Eqs. (47) and (48) in the first-order
ordinary differential equations. For a steady state of the autono-
mous system Eqs. (47) and (48) i.e. the amplitude death state, the
necessary conditions are

_u¼ _v¼ 0 ð49Þ
Substituting Eq. (49) into Eqs. (47) and (48), a set of 4Ncoupled
nonlinear algebraic equations for u and v is obtained by

Γðu; v; ε1; ε2Þ ¼
ðK�Mω2Þv�Cuωþq 1ð Þ

ðK�Mω2ÞuþCvωþq 2ð Þ

" #
¼ 0 ð50Þ

Right now, a generalized analytical solution for the network
model of the floating airport has been formulated. The algebraic
equations in Eq. (50) define a surface of oscillation amplitude in
the parameter plane of the coupling strength. Referring to the
solutions defined in Eq. (40), the response amplitudes of the i-th
module, denoted by Aimðm¼ 1;2;3Þ respectively, can be expressed
by

Aim ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uim

2þvim2
p

; m¼ 1;2;3 ð51Þ
Note that the solution of weak oscillation state defined by

algebraic equations in Eq. (50) has to be solved through numerical
approaches. The Newton-root-finding scheme can be employed for
this task.

3.3. Mechanism and parameters domain of amplitude death

In this section, we use the analytical solution in Eq. (50) to view
the response evolution of the floating airport when changing the
coupling strength of rubber–cable connectors. This promises a
direct illustration of the solution structure of Eq. (36) and then to
analyze the mechanism of the occurrence of amplitude death.

Fig. 6 illustrates the surge amplitude of first two modules against
the coupling strength kc by using the analytical result in Eq. (50),
where the parameter settings are the same as used for Fig. 4. We
remark that the wave load is asymmetric because of the phase
difference of the wave force imposed on each module and the fluid
interaction between modules due to wave diffraction. The wave
diffraction is ignored in the simple wave model, while the phase
difference may result in a delay of motions among the modules but
does not affect the response amplitudes of the modules. This feature
is also observed in our numerical simulations (but not illustrated in
this paper). Thus the response amplitudes of the module 1 and
module 2 in Fig. 6 are identical to that of the module 5 and module
4 respectively due to the symmetry of the structure. In Fig. 6(a), the
solution structure for the system contains two inclined resonance
peaks and indicates multiple solution branches. When the coupling
strength kc increases forward, the system first stays at the lower
branch (dark solid line) where the response curve corresponds to
relatively small amplitude that is regarded as weak oscillation state.
When the coupling strength kc reaches to a critical value

kc ¼ 5:001� 104, the system state leaps up to the upper branch
(green solid line) where the response curve appears to be a large
amplitude. We refer this critical value as jump up (arrow up). On the
contrary, when the coupling strength kc is decreased backwards, the
system initially remains on the upper branch curve until a drop down
transition (arrow down) occurs. It is worth to note that the jump up
and drop down phenomena can induce a rapid change of the
response amplitude. Between the different solution branches, the
dash-line curve indicates the unstable solution which cannot be
observed by numerical simulations.

Comparing Fig. 6(a) and (b), the solution structures also
indicate that the jumping phenomena always happen among all
motions simultaneously at the same critical value. Fig. 6 reveals
such a fact that the amplitude death is terminated suddenly
because the weak oscillation solution branch ends up at jump up
point leaping to the upper solution branch with large oscillations.
This mechanism is very different from that of Hopf bifurcation
(Zhai et al., 2004) or Saddle-node bifurcation (Karnatak et al.,
2010) in autonomous systems. Thus jump up event plays a key role
on the cease of the amplitude death, and the critical condition for
this event is the boundary condition of amplitude death state.

Fig. 6 shows the whole picture of the all solution branches in the
stiffness range of 103okco2:5� 105 N=m (stable and unstable
solutions) using an analytical method, which can match up with
the numerical solution of Fig. 4 in the stiffness range of
103okco1� 105 N=m. The weak oscillation state in the region
kco4:71� 104 N=m in Fig. 4 corresponds to the solution branch
marked by black solid line in Fig. 6. The jump up point kc ¼ 4:71�
104 N=m in Fig. 4 corresponds to the first upward green arrow line in
Fig. 6. The high-rise responses after the first jump in Fig. 4 is associated

Fig. 6. Resonance curves versus the coupling strength of surge motion for (a) first
module and (b) second module with wave period T ¼ 10 s (Solid line denotes stable
solution, dash line illustrates unstable solution, and arrow line indicates jumping
direction). (For interpretation of the references to color in this figure, the reader is
referred to the web version of this article.)
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with the high-rise solution branch in Fig. 6, marked in green solid line.
Note that the amplitudes in large oscillation region after jumping have
some discrepancy for the two methods. The reason is that the
analytical method assumes only one harmonic component for the
response solution but the actual response may involve a combination
of multiple harmonic components. Nevertheless, our main purpose is
to predict the jump point for determining the AD boundary and the
results from the analytical solution are sufficient for us to carry out
the task.

Concerning the global stability of a large scale floating airport,
the determination for the boundary condition of amplitude death
is of the most interest. The mathematic condition for the jumping
point in Eq. (50) can be determined by using the implicit-function
theorem (Kubíček and Klíč, 1983), namely

Γðu; v; ε1; ε2Þ ¼ detJ ðu; v; ε1; ε2Þ ¼ 0 ð52Þ
where J indicates the Jacobian matrix of function Γ. Eq. (52) is the
critical condition for the boundary of amplitude death. From Eq.
(50), the Jacobian matrix can be expressed as

J¼ JAþ JD ð53Þ
where JA;JD is the Jacobian matrix for the linear and nonlinear part
of function Γ, written as

JA ¼ �Cω K�Mω2

K�Mω2 Cω

" #
; JD ¼

∂q 1ð Þ

∂u
∂q 1ð Þ

∂v
∂q 2ð Þ

∂u
∂q 2ð Þ

∂v

2
4

3
5 ð54Þ

Fig. 7 shows the region of the amplitude death, the white area
marked with ‘AD(P1)’, from the numerical scanning in the space of
coupling strength ratio η and coupling strength kc for wave period
T ¼ 10 s. The red region marked with ‘Others(C or Pn)’ relates to
large oscillation state. The analytical critical condition explained in
Eq. (52) plotted with black solid curve lies closely between the
white and red regions. For this example, the amplitude death
domain occupies the downside region. In comparison, there is
insignificant discrepancy between the analytical and numerical
results. Fig. 7 is only a glance of the special dynamic behavior of
the suppressed weak oscillatory state in terms of coupling
strengths. Surely, the existence of the amplitude death phenom-
enon may be affected by other parameters, such as wave period,
wave height and the number of floating modules coupled in the
system, etc. For a stationarity design of the floating airport, it
needs a tremendous effort to produce a series of AD diagrams with
covering all the key parameters. In general, the proposed analy-
tical criterion can reasonably predict the region boundary of

amplitude death. The significance of deriving the critical condition
for amplitude death is that it can greatly reduce the effort to
determine the design region of amplitude death, while numerical
approach is very time consuming.

We remark that the state of amplitude death corresponds to
the weak oscillation state of non-autonomous systems. This typical
dynamic phenomenon of amplitude death only exists in nonlinear
network-like dynamic systems. We introduce the concept of the
amplitude death aiming to determine the parametric region for
the global dynamic stability of the floating airport. This work is
important for retaining the large scale marine system in a
stationary state and keeping the connector load at low levels.

4. Summary and conclusions

In this paper, a novel methodology is proposed to investigate
the dynamic characteristic and global stability of the floating
airport. A multi-module network model of large scale floating
airport is developed based on linear wave theory, a dynamic
model of single floating module, a coupling model of a new
connector and constraint model of a mooring system. We revealed
a typical phenomenon of amplitude death of the airport model, a
weak oscillation state, and stated its significant role in the safety
design of the floating airport. A semi-analytical method is pre-
sented to analyze the mechanism of amplitude death which is a
new feature compared with our recent work (Zhang et al., 2015).
The results show that the transition of amplitude death is due to
jumping events among different solution branches and a criterion
was derived for determining the boundary of amplitude death
region. We illustrate a numerical example to explore the ampli-
tude death region for the floating airport in a parameter domain
spanned by stiffness ratio and cable stiffness. Meanwhile we
verified the correctness of analytic criterion of amplitude death.
The results coincide well. The analytical condition allows to
quickly find the parametric region for the global dynamic stability
of the floating airport and avoids tedious numerical search. This
work is an application of the network theory in marine engineer-
ing. The methodology can be widely used for other engineering
problems with network structures.
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Appendix

To deal with the complex form of the coupling function in Eq.
(36), we expand the nonlinear function by a power series until
third order, given as

G2ðXi;XjÞ ¼
Δlijx Δlijz Δlijβ
h iT

sgnðj� iÞðxj�xiÞZ0

0 0 0
� �T sgnðj� iÞðxj�xiÞo0

8><
>: ðA:1Þ

where

Δlijx ¼ L2sgnðj−iÞ= 2δð Þβjβiþ L=δ βjþβi
� �

zj−zi
� �h i

þ 2− L=δ
� �2

βjβi−2Lsgnðj−iÞ=δ2 βjþβi
� �

zj−zi
� �h i

xj−xi
� �

;

Δlijz ¼ 3L2= 2δ2
� �þ δ2=δ

� �2 �
βjβi

h i
zj−zi
� �þ L=δ βjþβi

� ��
þ 2sgnðj−iÞ=δ−3ð3L2þ2δ22Þ=δ2βjβi
 �

zj−zi
� �i

xj−xi
� �

;

Fig. 7. Region for amplitude death in parameter space ðkc ; ηÞfor N ¼ 5with wave
period T ¼ 10 s (AD: amplitude death; Others: large oscillation state; P1: period-1
motion; C or Pn: chaotic or high-order period motion; Black solid line: the
boundary for AD by the analytical criterion). (For interpretation of the references
to color in this figure, the reader is referred to the web version of this article.)
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Δlijβ ¼
δ2

2

2
βj−βi
� �

−
sgnðj−iÞð3L3þ2L2δþ2Lδ22þ2δδ22Þ

4δ2
βjβi

" #
zj−zi
� �

þ −L2sgnðj−iÞ= 2δð Þβj− Lsgnðj−iÞþL2sgnðj−iÞ= 2δð Þ
 �

βi

h
þ −L=δþð9L3þ4L2δþ6Lδ22þ4δδ22Þ= 4δ3

� �
βjβi

 �
zj−zi
� �i

xj−xi
� �

:

The power series expressions are still complex and so we
continue to simply the expressions. The pith angle β is a
little quantity compared with other freedoms, so we ignore
the βiβj. Considering the scale of the floating, there have
Lsgnðj� iÞ{L2sgnðj� iÞ= 2δ

� �
, so we ignore the term Lsgnðj� iÞβi in

expression of Δlijβ . Thus, the coupling form can be formulated as

Gs
2ðXi;XjÞ ¼

Δlsijx Δlsijz Δlsijβ
h iT

sgnðj� iÞðxj�xiÞZ0

0 0 0
� �T sgnðj� iÞðxj�xiÞo0

8><
>: ðA:2Þ

where

Δlsijx ¼ L βjþβi
� �

zj−zi
� �

=δþ 2−2Lsgnðj−iÞ=δ2 βjþβi
� �

zj−zi
� �� �

xj−xi
� �

;

Δlsijz ¼ L=δ βjþβi
� �þ2sgnðj−iÞ=δ zj−zi

� �� �
xj−xi
� �

;

Δlsijβ ¼ δ2
2=2 βj−βi
� �

− L2sgnðj−iÞ= 2δð Þ βjþβi
� �þL=δ zj−zi

� �h i
xj−xi
� �

:

Thus the approximate coupling function for the rubber-cable
connector can be written as

Ψ ðXi;XjÞ ¼
ε1 xj�xi

� �3 0 0
h iT

sgnðj� iÞðxj�xiÞo0

ε2 Δlsijx Δlsijz Δlsijβ
h iT

sgnðj� iÞðxj�xiÞZ0

8>><
>>:

ðA:3Þ
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