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Abstract This paper presents an adaptive optimal
control method to suppress the oscillation of a float-
ing platforms system in random seas. The system con-
sists of multiple modules which are connected by flexi-
ble connectors with strong geometrical nonlinearity. To
cope with the uncertain waves, a disturbance estimator
is introduced to assess the actual wave excitation. This
adaptive scheme of the estimator is integrated with an
optimal control method subject to a limitation on the
control outputs of actuators, where the optimal con-
trol process is carried out by the sequential quadratic
program method. In numerical experiments, a floating
platformwithfive semi-submersiblemodules is consid-
ered. Control process deals with 20 control variables to
stabilize the surge, sway and yawmotions of a 30-DOF
floating system, subject to unknown irregular waves
and limitation of control output. Numerical results have
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verified the efficiency of the control strategy and show
that the proposed control method performs very well.
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1 Introduction

The pressure of the rapid growth of population,
progress of industry and exclusive cost of lands trig-
gered the motivation of developing very large float-
ing structures (VLFS) deployed in relatively unused
sea and ocean spaces. Comparing with the traditional
land reclamation solution, VLFS have more advan-
tages such as environmental friendly, easy construc-
tion and fast deployment and expansion [1]. The appli-
cations of VLFS could include floating piers, floating
hotels, floating fuel storage facilities, floating nuclear
power station, floating bridges, floating airports and
evenfloating cities [2]. In 1990s, twonotable projects of
the Mega-Float and the Mobile Offshore Base (MOB)
were launched by Japanese andAmerican governments
[3]. They have activated a great mount of the enthusi-
asm from researchers and engineers in the field of ocean
engineering. A large number of research works have
beendocumentedwith the aid of the hydroelastic theory
[4,5] which is particularly dealing with fluid–structure
interaction [6]. These works laid the foundation of the
methodology in the dynamic forecasting of VLFS in
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sea conditions. Some typical examples are given as
follows: a single plate model for pontoon-type VLFS
in linear wave conditions [7], multi-modular VLFS in
regular waves [8], semi-submersiblemodule in random
sea [9], etc.

Dynamic control of floating structures is very much
concerned in marine engineering. There are abundant
references for motion control of various marine sys-
tems, to enhance the efficiency of wave energy con-
version [10,11], to stabilize the motions of vessels
[12,13] and floating platforms [14,15], floating wind
turbine [16], offshore steel jacked platforms [15,17]
and tension leg platform [18]. Dynamic positioning
(DP) [19] is an important part of control techniques
mainly used tomanipulate the position or predetermine
track of floating platforms through active thrusters. A
large number of articles about DP have been docu-
mented about the control methods and related exper-
iments [20–23]. For MOB modules, Manikonda [24]
andRahman [25] usedmodel predictive control to coor-
dinate the dynamic position. The former article dealt
with the uncertain disturbance of environment by a lin-
earization technique. However, the work on the active
control for the oscillation suppression of large float-
ing structures is relatively rare. For the Mega-Float, a
pneumatic-type active control apparatus was studied to
dampen wave-induced heave motions and the deflec-
tions of the floating structure [26]. Very recently, a new
approach [27] is developed to stabilize the motions of
VLFS by adjusting the connector stiffness based on the
network concept of “amplitude death,” which permits
a weak oscillatory state [28].

To control the oscillation of multi-modular VLFS,
one may confront the toughness of dealing with
high-dimensional nonlinearity. In addition, stabiliza-
tion of complicated VLFS systems requires collab-
orative manipulations among a number of actuators
installed, and further complex environmental condi-
tions in seas make the study challenging. In this paper,
we aims to suppress the most threatening motions of
multi-modular floating structures by using an adaptive
optimal control, subject to disturbances of uncertain
waves and limitations of control outputs. Theworkmay
enrich the study in the field of oscillation control of
multi-modular VLFS, which has been rarely investi-
gated.

This paper is organized as follows. In the next sec-
tion, the configuration of the multi-modular floating
structure is elaborated and the mathematical model is

developed by using the network theory. In the third sec-
tion, firstly a disturbance observer is introduced to esti-
mate irregular wave load and followed with an optimal
control to determine the output of actuators. In numer-
ical experiments, parameters of a five-modular floating
platform and wave conditions are provided, and the
adaptive controlmethod is numerically verified. Finally
a conclusion is drawn.

2 Mathematical model of floating systems with
control

Afloating platform is comprised by N number of float-
ing modules as shown in Fig. 1, where the modules
are sequentially connected by spring connectors. The
modules are also constrained by anchor chains to pre-
vent the floating structure from drifting. A global coor-
dinate system (x, y, z) is set on the still water sur-
face of the earth where x axis points to the longitu-
dinal direction and y axis lies in the transversal direc-
tion of the floating structure; z axis is perpendicular
to still water surface. Further a local coordinate sys-
tem (X,Y, Z , AX, AY, AZ) is fixed at the mass center
of each module as shown in Fig. 1. All modules are
assumed to be symmetrical to x and y axes. The rotation
center of amodule is coincidentwith the center ofmass.
The wave angle is defined by the angle between x axis
and the direction of wave propagation. To suppress the
oscillation of modules, each module is equipped with
two propellers which can be independently turned to
any direction to provide thrusts in X–Y plane.

Based on the network modeling method [29], the
motion equation of the whole floating system can be
integrated by the model of single floating module,
model of connectors, model of wave force and model
of mooring system. The dynamic model of the float-
ing structure with control is briefly written by a set of
first-order ordinary differential equations as follows

ẋ1,i = x2,i

ẋ2,i = 1

Mi

⎛
⎝ − (Si + Di )x1,i + fw,i (ω, a, θ, x2, ẋ2)

+ ε

N∑
j=1

(
�i j K (x1,i , x1, j )

) + H(ui )

⎞
⎠

i = 1, . . . , N (1)
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Fig. 1 Schematic diagram of the chain-type multi-modular floating platforms

where x1,i = [xi , yi , zi , αi , βi , γi ]T is the displace-
ment vector of the i th module, which represents the
motions of surge, sway, heave, roll, pitch and yaw,
respectively. Symbol x2,i = [ẋi , ẏi , żi , α̇i , β̇i , γ̇i ]T is
the velocity of x1,i . Symbols Mi ∈ R

6×6,Si ∈ R
6×6

and Di ∈ R
6×6 are the mass matrix, linear restoring

force matrix of water and mooring stiffness matrix.
Wave force fw,i (ω, a, θ, x2, ẋ2) ∈ C

6×1 is a func-
tion of wave frequency ω, wave height a and wave
angle θ . The effect of wave diffraction is also con-
sidered, which is related to the velocity and acceler-
ation of the state of the floating platform. The term

ε
N∑
j=1

(
�i j K

(
x1,i , x1, j

))
denotes the connector forces

imposed on the i th module. Symbol ε is the stiffness of
the connectors and � ∈ R

6×6 is the topological matrix
defining the coupling relationship of the i thmodule and
the j th module. The function K

(
x1,i , x1, j

) ∈ R
6×1

expresses the relative displacement vector between the
mass centers of the i th module and the j th module. The
derivation processes of the terms mentioned above are
given in “Appendix”.

The last term H (ui ) particularly relates to the con-
trolled thrusts of propellers mounted to the i th mod-
ule. There are four control variables ui = [u1,i ,
u2,i , θ1,i , θ2,i ] for each module in which symbols u1,i
and u2,i represent the output control forces of two pro-
pellers, respectively, and symbols θ1,i and θ2,i are the
turning angles referring to y axis of the global coor-
dinate system. Without the wave excitation, the ini-
tial position of the mass center of the i th module is
located at the point of p0,i in the global coordinate
system, while the two propellers are installed at the
points pu10,i and pu20,i in the local coordinate system.
With the wave excitation, the mass center of the float-
ing module moves to pa,i = p0,i + [xi , yi , zi ]T in the
global coordinate, and the two propellers are shifted to
the positions of

pu1a,i = pa,i + tran(αi , βi , γi ) · pu10,i
pu2a,i = pa,i + tran(αi , βi , γi ) · pu20,i (2)

where tran (·) is a coordinate transfer function [30]
expressed as
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tran(α, β, γ ) =
⎡
⎣
coγ s cosβ − sin γ cosα + cos γ sin β sin α sin γ sin α + cos γ cosα sin β

sin γ cosβ cosβ cosα + sin α sin β sin γ − cos γ sin α + sin β sin γ cosα

− sin β cosβ sin α cosβ cosα

⎤
⎦ (3)

The vectors from the points where the propeller thrusts
are applied to the mass center are

bu1,i = pu1a,i − pa,i

bu2,i = pu2a,i − pa,i
(4)

The control forces of two propellers imposed on the
mass center can be expressed by

fu1,i = [u1,i sin
(
θ1,i

)
, u1,i cos

(
θ1,i

)
, 0]T

fu2,i = [u2,i sin
(
θ2,i

)
, u2,i cos

(
θ2,i

)
, 0]T (5)

Then the force moments acting on the mass center are

mu1,i = bu1,i × fu1,i
mu2,i = bu2,i × fu2,i

(6)

The expression of the control force vector H (ui ) can
be written as

H (ui ) = [
fu1,i + fu2,i ,mu1,i + mu2,i

]T (7)

Remark that small displacements of the modules may
cause large displacements at the points of connections
because the size ofmodules is much larger than the size
of connectors. The large displacements of the connec-
tors could induce significant geometrical nonlinearity
into the dynamic model of the floating structure. In
addition, the control term defined by Eq. (5) contains
large turning angles making the control force defined
in Eq. (7) to be nonlinear. Without the control term in
the dynamic model (1), due to the geometric nonlinear-
ity of connectors, the floating platformmay evolve into
large oscillatory states under wave excitations, such as
sudden leaps [31] from a wave frequency-dependent
harmonic motion to chaotic or multiple sub-harmonic
motions [32].

The purpose of this paper is to employ this con-
troller in Eq. (7) to suppress the oscillation of the float-
ing structure in uncertain waves. It requires to man-
age a number of propellers in a cooperative way to
cope with a high-dimensional nonlinear control prob-

lem. For more realistic applications, unknown irregular
waves and the saturation of control output will be con-
cerned in the development of the control strategy.

3 Adaptive optimal control strategy

The statistic characteristic of waves in a sea state is usu-
ally described by wave spectrum. JONSWAP spectrum
[33] is popular one often used in marine engineering,
given by

Sη (ω) = ζH2
s ω4

pω
−5 exp

(
−1.25ω4

pω
−4
)

κ
exp

(
− (ω−ωp)2

2σ2ω2p

)

(8)

where ζ, Hs, ωp, κ and σ are the dimensional con-
stant, the significant wave height, the dominant wave
frequency, the peak enhancement factor and the peak
shape parameter, respectively. We consider the multi-
module floating system to be deployed in irregu-
lar waves. The irregular waves can be approximately
expressed by a dominant regular wave with many indi-
vidual wave components so that the combined wave
height is random, which can be derived from the JON-
SWAP spectrum [34]. The derivation of the wave exci-
tation is displayed in “Appendix.” In numerical simu-
lations, the floating system will be excited by irregu-
lar waves, where the wave excitation is treated as an
unknown disturbance to the system during a control
process. In what follows, we are going to develop an
adaptive scheme to estimate thewave disturbance along
with the control process.

Consider the wave disturbance in the equation of
motion Eq. (1) and rewrite the equation as

ẋ1,i = x2,i
ẋ2,i = ϕi + di i = 1, . . . N

(9)

where symbol di = [d1,i , . . . , d6,i ]T denotes the actual
wave disturbance imposed on the i th modal, given by
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Fig. 2 Flowchart of control process

di = 1

Mi
fw,i (ω, a, θ, x2, ẋ2)

ϕi = 1

Mi

⎛
⎝ − (Si + Di ) x1,i

+ ε

N∑
j=1

(
�i j K

(
x1,i , x1, j

)) + H (ui )

⎞
⎠

i = 1, . . . N (10)

A disturbance observer will be introduced to estimate
the actual wave disturbance. Thus the control process
can be briefly expressed by the flowchart in Fig. 2.

The disturbance observer generates an estimated
value d̂ of the actual disturbance di . The estimated dis-
turbance together with the state x will be fed into the
controller to generate propeller output u that is applied
to the floating system. The control is conducted in an
iterative way, where the current control step is based on
the results of the previous step so that to carry out an
adaptive control process. During this control process,
the wave disturbance will be improvingly estimated.

To design a suitable disturbance observer, firstly
assume the wave disturbance as an unknown constant
force vector. This assumption will certainly bring error
to the estimator of the real disturbance. But this error
can be reduced and even eliminated if design parame-
ters of the disturbance observer are properly set.

Referring to the article [35], we introduce linear fil-
ters Gi (s) = [G1,i (s) , . . . ,G6,i (s)]T to all degrees
of freedom for the i th floating module, defined by

G j,i (s) = 1

1 + sτ j,i
j = 1, . . . 6, i = 1, . . . N

(11)

where τ1,i , . . . , τ6,i are positive parameters to be deter-
mined and s is the variable of Laplace transformation.
With the filters, the disturbance observer is designed in
a form of differential equation, given by

diag (τi ) · ˙̂di + d̂i = di i = 1, . . . N (12)

where diag (·) is a diagonal matrix with diagonal ele-
ments τ i = [

τ1,i , . . . , τ6,i
]
. Since di is regarded as a

constant, the solution of the estimated disturbance can
be derived as

d̂i = di − exp
(
− (τi )

−1 t
)

(13)

As long as the elements of vector τi are positive, the
exponential term will be vanished in time evolution.
The solution of Eq. (13) tends to d̂i ⇒ di . Note that
the rate of convergence from the estimated disturbance
d̂i to the real disturbance di is dependent on the setting
of the positive parameters τ1,i , . . . , τ6,i .

Basedon the disturbanceobserver shown inEq. (12),
we next determine the parametric vector τi [36] so as to
make the adaptive law Eq. (13) feasible in control feed-
back loop. Therefore, we introduce a state-dependent
form for the solution of Eq. (12), given by

d̂i = di − exp
(
− (τi )

−1 t
)

= wi + pi
(
x2,i

)

i = 1, . . . N (14)

wherewi =[w1,i , . . . , w6,i ]T andpi =[p1,i , . . . , p6,i ]T
are state-dependent functions to be designed. Differen-
tiating Eq. (14) with respect to time and substituting
Eq. (9), it results in

d̂i = diag
(
(τi )

−1
)

· exp
(
− (τi )

−1 t
)

= ẇi + ∂pi
∂x2,i

(ϕi + di ) i = 1, . . . N (15)

From Eq. (14), we have exp
(− (τi )

−1 t
) = di − wi

− pi
(
x2,i

)
which is submitted into Eq. (15) and gets

diag
(
(τi )

−1
)

· (di − wi − pi
(
x2,i

))

= ẇi + ∂pi
∂x2,i

(ϕi + di ) i = 1, . . . N (16)

To make Eq. (16) hold true, we require the following
equality

diag
(
(τi )

−1
)

= ∂pi
∂x2,i

ẇi = − ∂pi
∂x2,i

(
ϕi (x1,ui )+wi +pi

(
x2,i

))

i = 1, . . . N (17)

As discussed above, the elements of τi have to be
set positive to guarantee the estimated disturbance d̂i
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asymptotically converging to the real disturbance di .
From the first equation of Eq. (17), we can design the
function pi as

pi = κli
[
ẋi + (ẋi )

3 , ẏi + (ẏi )
3 , żi + (żi )

3 ,

α̇i + (α̇i )
3 , β̇i + (

β̇i
)3

, γ̇i + (γ̇i )
3
]T

i = 1, . . . N (18)

where κ is a positive number and li is unity matrix.
The elements of ∂pi

∂x2,i
are all positive greater than κ .

We can achieve faster convergence rate if κ is set to
larger. Note that there is great flexibility to design the
functionpi as long as its partial differential with respect
to state variables is positive. By so doing, the adaptive
scheme in Eq. (12) is associated with the state variables
so that this adaptive scheme can be integrated with a
state feedback control program.

Remark that the above derivation is based on the
prerequisite that the wave disturbance is constant, i.e.,
ḋi = 0. This assumption may introduce errors in the
estimation process of wave disturbance. If di is time
dependent, the estimated error can be written as

d̃i = di − d̂i i = 1, . . . N (19)

Substituting Eq. (19) into Eq. (12), it yields

diag (τi ) · ˙̃di + d̃i = diag (τi ) · ḋi i = 1, . . . N (20)

which leads to the solution

d̃i = diag (τi ) · ḋi − exp
(
− (τ i )

−1 t
)

(21)

It indicates that the estimated error d̃i is related to the
change in rate of real disturbance ḋi . Suppose ḋi is con-
fined within the inequality

∣∣ḋi
∣∣ ≤ ξ which is a possible

maximum change in rate of error. As time goes by, the
second term in the right-hand side of Eq. (21) will be
vanished. The estimated error is within the range of∣∣∣d̃i

∣∣∣ ≤ diag (τi ) · ξ. It implies that smaller τi can lead

to less error of the estimation. Thus we can choose the
parameters of τi as smaller as possible by designing
a larger number of κ . Alternatively one can also use
a higher-order filter. Interested readers can also refer
to the article [35] where the estimated error for the

second-order filters is bounded by
∣∣∣d̃i

∣∣∣ ≤ (τi )
2 ξ.

The purpose of the control in this paper is to min-
imize the unwanted motions of surge, sway and yaw

of floating modules. Thus the objective function of the
optimal control can be set as

min J =
∫ t

0

N∑
i

(
υ1,x (xi )

2+υ1,y (yi )
2+υ1,γ (γi )

2

+ υ2,x (ẋi )
2 + υ2,y (ẏi )

2 + υ2,γ (γ̇i )
2
)
dt

s.t. |ui | ≤ ui,max (22)

where symbols υ1,x , υ1,y, υ1,γ , υ2,x , υ2,y and υ2,γ are
positive coefficients to be determined. In addition, the
optimal control is subjected to the constraints that the
output control forces are confined within a limitation
ui,max.

Numerical methods [37,38] are used for solving
the high-dimensional optimal control problem. There
are two major classes, including the indirect methods
and the direct methods [39]. The indirect method uses
the calculus of variations to determine optimal condi-
tions leading to a multi-point boundary-value subprob-
lem where local extremals are identified and examined
for the best solution. This calculus-based optimiza-
tion method [40] might not be suitable for the high-
dimensional floating system with strong nonlinearity,
especially when functions of terms are discontinuous.
The direct method is preferred in this paper because
it deals with a complex problem simply in an itera-
tive way. The control objective, state variables, distur-
bance observer and control outputs are transformed to
discretized forms and the optimal control problem is
turned into a nonlinear programming problem.

Considering the estimated wave disturbance, the
Euler method is used to discretize the ordinary differ-
ential equations Eq. (9) and yields

xn+1
1,i = xn1,i + δ · xn2,i
xn+1
2,i = xn2,i + δ ·

(
ϕi

(
xn1,u

n
i

) + d̂ni
)

i = 1, . . . , N

xn+2
1,i = xn+1

1,i + δ · xn+1
2,i (23)

where symbol δ denotes a time step and n is the iteration
number of the discretized equation. The estimated dis-
turbance in Eq. (23) also needs to be discretized based
on the disturbance observer Eq. (14), given by

d̂ni =
(
wn−1
i + δ · ẇn−1

i

)
+ pi

(
xn2,i

)
i = 1, . . . N

(24)
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where

ẇn−1
i = −

(
∂pi
∂x2,i

∣∣∣∣
x2,i=xn−1

2,i

)(
ϕi

(
xn−1
1 ,un−1

i

)

+ wn−1
i + pi

(
xn−1
2,i

))
i = 1, . . . N

Similarly, the control objective function of Eq. (22)
should be discretized as

min J =
N∑
i

⎛
⎜⎝

υ1,x

(
xn+2
1,i

)2 + υ1,y

(
yn+2
1,i

)2 + υ1,γ

(
γ n+2
1,i

)2

+ υ2,x

(
xn+1
2,i

)2 + υ2,y

(
yn+1
2,i

)2 + υ2,γ

(
γ n+1
2,i

)2

⎞
⎟⎠

s.t.
∣∣uni

∣∣ ≤ ui,max

(25)

Figure 2 shows the flowchart of the control process.
In an iterative control process, the estimated wave dis-
turbance of the nth step d̂ni is based on the system state
xn−1
1 and control output un−1

i in the (n−1)th step. Then
the objective function Eq. (25) is optimized based on
the discretized equation of the system Eq. (23), and
simultaneously satisfy with the inequality constraint∣∣uni

∣∣ ≤ ui,max. After the optimization procedure, the
control output uni of the propellers is obtained, which
is applied onto the i th module at the nth step.

The dynamic optimal control problem can be solved
by using the sequential quadratic programming (SQP)
method [41]. This method first determines the search
direction based on a subproblem of quadratic program-
ming (QP) and then determines the search step size
by using a proper merit function with the premise of
convergence. The method permits the benefit of fast
convergence in dealing with multivariable constrained
optimization problems. In this paper, each module
involves four control variables including two thrusts
and two steering angles of two propellers for manipu-
lating themodularmotions, and total 4N output control
variables should be determined for each iteration step.

4 Numerical tests for verifications

In numerical experiments, we consider a floating plat-
forms system with five semi-submersible modules that
are connected by spring connectors. All the modules
have the same size and all the connectors possess the
same physical properties. In the first part of this sec-
tion, parameters of the floating platform system and the
wave parameters are given. The second part shows the
control results.

Fig. 3 Structure layout of a single floating module labeled with dimensional parameters
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Table 1 Parameters of the
floating system

Terms Values

Water depth h = 300m

Draft h1 = 12m

Mooring stiffness matrix Di = 107 × diag([1, 1, 1, 100, 100, 100]T)N/m

Initial gap between adjacent modules ϑ = 25m

Connector: spring stiffness ε = 1 × 107 N/m

Mounting points of connector springs
between two adjacent modules

Spring1
Modulei : [150, 40, 12]
Module j : [− 150, 40, 12]

Spring2
Module i : [150,- 40, 12]
Module j : [− 150,− 40, 12]

Local coordinates of installed propellers Propeller 1 [−100,0,−10]

Propeller 2 [100,0,−10]

4.1 Preliminaries

Each module is made by one upper hull, one lower hull
and ten columns. The specific parameters of a single
module are shown in Fig. 3.

In numerical simulations, the floating platform con-
sists of five floating modules which are connected by
flexible connectors. The parameters of connections,
location of propellers and water environment are tabu-
lated in Table 1.

The excitation angle of wave is set to be 45◦. The
dominant wave frequency is ωp = 1.047 rad/s which
corresponds to wave period of 6 s. The variation of
wave height in time domain is obtained from the JON-
SWAP spectrum. In Eq. (8), the dimensional constant
ζ = 0.3125. Significant wave height Hs is set to
be 3m. The peak enhancement factor κ = 3.3. The
value of peak shape parameter is dependent on the
wave frequency. When ω ≤ ωp, σ = 0.07 and when
ω > ωp, σ = 0.09. Then the power spectral density
of waves in Eq. (8) is shown in Fig. 4a. Accordingly, a
corresponding sample of irregular wave in time domain
is displayed in Fig. 4b.

The objective of the optimal control is to minimize
the motions of surge, sway and yaw. Thus these three
state variables are composed into the objective func-
tion in Eq. (23). However, the three state variables have
different units and orders in quantity. To deal with the
three terms equally impotent in the optimal process, the
corresponding coefficients υ1,x , υ1,y, υ1,γ , υ2,x , υ2,y
and υ2,γ need to be scaled in equal weight among
the terms. Thus the mass and the rotational inertia of

Fig. 4 a Power spectral density of JONSWAP wave spec-
trum with the parameters of ζ = 0.3125, Hs = 3m, ωp =
1.047 rad/s, κ = 3.3, σ = 0.07 for ω ≤ ωp and σ = 0.09 for
ω > ωp . b A sample of irregular wave in time domain derived
from the JONSWAP spectrum

the module are used to set up the coefficients, result-
ing in υ1,x = υ2,x = υ1,y = υ2,y = 9.361e7 and
υ1,γ = υ2,γ = 7.282e + 11. By so doing, physically,
the kinetic energy dispersed into each degree of free-
dom is normalized in balance. To solve the optimization
problem, the sequential quadratic programming is used
which is a standard software package could be found
in MATLAB.
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Fig. 5 Time responses of the third module with/without control

4.2 Numerical simulations

With the system parameters and the wave condition
described above, the numerical simulation is carried
out to test the efficiency of the control strategy. The
three graphs on the left column in Fig. 5 show that the
floating system initially oscillates randomly due to the
excitation of uncertain waves without control. The con-
trol is switched on at 100s, and the controlled response
(solid line with black color) tends to be stabilized for
the motions in x, y and γ directions, while without
the control the responses (broken lines with red color)
continue fluctuating in the time evolution. The control
effectively reduces the amplitudes of motions of the
module compared with that of the uncontrolled case.
However, the control has little effect on the motions in
z, β and α directions (the three graphs on the right col-
umn) because the deployment of the propellers can only
actuate a vector force in the plane of X–Y. The motions
of the other modules are not exhibited here since their
time responses are similar to the third module.

During the control process, the loads of connec-
tors are significantly reduced as shown in Fig. 6. It
is because the connector load is associated with the
relative movements of floating modules. The control
suppresses the oscillations of the modules resulting in
the reduction in connection loads. The loads of other
springs are not shown since they are similar.

In the control process, the maximum output force
is capped by 5000KN and the turning angle of pro-
peller covers the range of θ ∈ [−π, π ]. Figure 7 shows
the thrusts of the two propellers mounted on the third
module and the corresponding turning angles, respec-
tively.Note that at the beginning of the control the abso-
lute values of output forces of propellers are sharply
truncated because of the output limitation. The actual
rotational angles of the two propellers basically vary
in a range of θ ∈ [+π/2,−π/2] to cope with the
wave excitation. In this case, the maximum combined
control force of two propellers is almost equivalent to
the maximum wave disturbance so that the control can
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Fig. 6 Loads of the connector spring linked to the third module
with/without control

effectively eliminate the motions of the module in the
intended directions.

If the total combined control force is insufficient to
cope with the maximum wave disturbance, the control
cannot completely halt the motions of the module as
shown in Fig. 8a where the motions of surge, sway and
yaw are fluctuating to a certain extent during the con-
trol process. For example, if the maximum output force
for each propeller is limited at 3000KN, the controlled

responses of surge, sway and yaw are not completely
suppressed as shown in Fig. 8a. Meanwhile, the curves
of the output control forces are frequently cut on the
top or bottom extremes as indicated in Fig. 8b, imply-
ing that the control thrusts are almost fully applied
on the module. The corresponding rotational angles
of the propellers vary in time. Obviously in compar-
ison with the result of Fig. 5, a larger setting of the
output saturation leads to a better result of oscillation
suppression.

Through the numerical experiments, we can see that
the control strategy can effectively suppress the tar-
geted motions of the floating system. In numerical
tests, we have conducted many other numerical tests
(not report here) to examine the performance of the
control method. This control strategy generally works
very well in coping with the uncertain wave condi-
tions. It is worthwhile to note that the deployment
of propellers may influence the control results. Usu-
ally if two propellers on a module are deployed far-
ther from each other, it will result in better perfor-
mance on controlling the motion of yaw since the
arrangement may yield larger force arm to the rota-
tional center of the module. We do not include the
study of propeller deployment in this paper as the main
task is to test the efficiency of this optimal control
method applied to the multi-modular floating system.
The interesting readers can refer the article [42] for
the detail study of the optimal deployment of multiple
propellers.

Fig. 7 Control outputs and turning angles of propellers
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Fig. 8 A weak control process when the control output is insufficient and limited at 3000KN. a Response of the third module
with/without control; b control outputs of the thrusts and turning angles of propellers

5 Conclusions

In this paper, an adaptive optimal control method is
developed to suppress the motions of a chain-type of
multi-modular floating platforms in waves. A network
modeling method is used to build up the control model.
Irregular wave is considered which is derived from a
JONSWAP spectrum. The wave excitation is assumed
to be completely unknown during a control process.
To cope with the uncertain waves, a wave disturbance
observer associated with a feedback state of module
responses is devised to estimate the actual wave exci-
tation. This adaptive scheme of the wave estimator is
integratedwith an optimal controlmethod subject to the
constraint on the control outputs of propellers within a
limited level. The direct optimal method is employed
based on a discretized control system using the Euler
method. The optimal control process is carried out in
an iterative way by the sequential quadratic program
method.

In numerical experiments, a multi-modular float-
ing system is considered, which consists of five semi-
submersible floating modules connected with spring
connectors. On each module, the control is operated

by the thrusts and turning angles of two propellers,
in order to suppress the motions of surge, sway and
yaw. Each module has four control variables. The con-
trol method deals with 20 control variables for control-
ling a 30-DOF floating system with strong geometrical
nonlinearity, in addition to coping with irregular waves
and control output limitation. The control is technically
challenging. Numerical experiments have verified the
efficiency of the control strategy. The results show that
the proposed control method performs very well in an
unknown random sea.

In future work, we may consider complex cases to
stabilize the multi-modular system in more degrees of
freedom, such as to control the z, α and β motions
by rearrangement of locations of thrusts. Controlling
the system in uneven sea conditions is also inter-
ested. The major contribution of this paper is the
work how to handle with a high-dimensional nonlin-
ear control problem for multi-modular floating sys-
tems. Controlling the responses of complicated sys-
tems might be very much desired in marine engineer-
ing since there is little work involving the control of
vibration of multi-modular floating systems. This work
might also provide an interesting example to cope with
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the control of complex systems for other engineering
applications.
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Appendix

In Eq. (1), symbolMi ∈ R
6×6 is themassmatrix which

can be defined as [43]

Mi =

⎡
⎢⎢⎢⎢⎢⎢⎣

m 0 0 0 0 0
0 m 0 0 0 0
0 0 m 0 0 0
0 0 0 Jx 0 0
0 0 0 0 Jy 0
0 0 0 0 0 Jz

⎤
⎥⎥⎥⎥⎥⎥⎦

(A.1)

where symbol m is the mass of a single module. Sym-
bols Jx , Jy and Jz are the rotary inertias, respectively,
about x, y and z axes. Assume the coordinate of rota-
tion center is (xc, yc, zc) in local coordinate system;
then, the expressions of rotary inertias are

Jx = ∫ ∫
V (y − yc)2dm + ∫ ∫

V (z − zc)2dm
Jy = ∫ ∫

V (x − xc)2dm + ∫ ∫
V (z − zc)2dm

Jz = ∫ ∫
V (x − xc)2dm + ∫ ∫

V (y − yc)2dm
(A.2)

The linear restoring forcematrix of water Si ∈ R
6×6

is defined as [44]

Si =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 0
0 0 0 0 0 0
0 0 − ρgAw 0 ρg

∫ ∫
Aw

xdA 0

0 0 0 − ρg

(
Vw

(
zb − zg

)
+ ∫ ∫

Aw
y2dA

)
0 0

0 0 ρg
∫ ∫

Aw
xdA 0 − ρg

(
Vw

(
zb − zg

)
+ ∫ ∫

Aw
x2dA

)
0

0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(A.3)

where ρ is the density of water and g is the acceleration
of gravity. Symbol zb is the height of buoyant center
and zg is the height of gravity center. Symbol Aw is the
volume of the water.

In this article, a simplest linear mooring model is
considered, so the mooring stiffness matrixDi ∈ R

6×6

is assumed as a constant matrix.
The added mass matrix �Mi ∈ R

6×6, added damp-
ing matrix Ci ∈ R

6×6 and the magnitude vector of the
excitation force ofwave fi ∈ C

6×1 inEq. (1) are derived
through linear wave theory. By assuming that the water
is irrotational and inviscid, the total wave potential can
be written as

χ = χI + χD + δω

N∑
i=1

(χi )
T x̄1,i (A.4)

where δ = √−1, symbols χI and χD are the inci-
dent potential and diffraction potential. Vector χi =[
χ1
i , χ2

i , . . . , χ6
i

]T
is the potential of the i th module

produced by the unit amplitude of each degree of free-
dom. Vector x̄1,i is the complex amplitude of the i th
module. The incident potential χI can be expressed as

χI = δga

ω

cosh k (z + h)

cosh (kh)
eδk(x cos θ+y sin θ) (A.5)

where ω, a, θ and h are wave frequency, wave height,
exciting angle and water depth, respectively. Symbol
k is the wave number which is related to ω and h.
Diffraction potential χD and potential vector χ i sat-
isfy Laplace equation and the conditions of free sur-
face, body’s surface boundary, sea bottom and infin-
ity radiation and can be solved by the boundary ele-
ment method. (In this paper, HydroD is applied.) After,
through Bernoulli’s equation, the amplitude of wave
force is obtainedby integrating thewavepotential along
the wet surface

123



Adaptive optimal control of multi-modular floating platforms in random seas

f̄w,i =
∫ ∫

Si

⎡
⎣−δωρ

⎛
⎝χI + χD + δω

N∑
j=1

(χ j )
Tx̄1, j

⎞
⎠
⎤
⎦ni ds

= −δωρ

∫ ∫
Si

(χI + χD)ni ds

+ ρω2
N∑
j=1

(∫ ∫
Si

[
Re

((
χ j

)T) x̄1, jni

+ δIm
((

χ j
)T) x̄1, jni

]
ds
)

(A.6)

where ni = [
n1i , n

2
i , . . . , n

6
i

]T
whose elements indi-

cates pth projection component of the outward normal
vector and Si is the wet surface.

The wave force is assumed as harmonic excitation
and the response of floating system is harmonic too.
Then we have

fw,i = f̄w,i e
−iωt

x1, j = x̄1, j e−iωt

ẋ1, j = −δωx̄1, j e−iωt

ẍ1, j = −ω2x̄1, j e−iωt (A.7)

Rewriting Eq. (A.6) to a matrix form and substituting
Eq. (A.7) into Eq. (A.6), we have

fw,i = fi e−iωt −
N∑
j=1

(
�M j ẍ1, j + �C j ẋ1, j

)
(A.8)

where

fi = −δωρ

∫ ∫
Si

(χI + χD) nids

�M j = ρ

∫ ∫
Si
Re

(
χ j

)
nTi ds

�C j = ρω

∫ ∫
Si
Im

(
χ j

)
nTi ds (A.9)

InEq. (1), the term ε
N∑
j=1

(
�i j K

(
x1,i , x1, j

))
denotes

the connector forces imposed on the i th module. For
chain-type modular floating platforms, the topological
matrix � ∈ R

N×N is defined by

� =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0
1 0 1

. . .
...

0 1 0
. . . 0

...
. . .

. . .
. . . 1

0 · · · 0 1 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(A.10)

The relative displacement vector K
(
x1,i , x1, j

)
R
6×1 is

K
(
x1,i , x1, j

) =
Nc∑

m=1

⎡
⎣
(∥∥p2 j,m − p1i,m

∥∥ − ϑ
) p2 j,m−p1i,m‖p2 j,m−p1i,m‖{(∥∥p2 j,m − p1i,m

∥∥ − ϑ
) p2 j,m−p1i,m‖p2 j,m−p1i,m‖

}
× (

p1i,m − pa,i
)
⎤
⎦ (A.11)

where Nc is the number of springs in a connector
between two adjacent modules. Symbols p1i,m and
p2 j,m are the moving positions of the mounting points
of the mth spring, respectively, on the i th module and
j th module under wave excitation. Symbol pa,i is the
mass center coordinate of the i th module when the sys-
temmoves. Symbol ϑ indicates the initial gap between
two adjacent modules. The displacement vector of the
i th module is x1,i = [xi , yi , zi , αi , βi , γi ]T. Then sym-
bols p1i,m,p2 j,m and pa,i can be written as

pa,i = p0,i + [xi , yi , zi ]T
p1i,m = pa,i + tran (αi , βi , γi ) · p01i,m
p2 j,m = pa, j + tran

(
α j , β j , γ j

) · p02 j,m (A.12)

where p01i,m and p02 j,m are, respectively, the coordinates
in body-fixed reference of two mounting points of the
i th and the j th modules. Symbol p0,i is the initial posi-
tion of the mass center of the i th module when the
floating platform is in still water. Function tran (·) is a
coordinate transfer function [30].
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