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a b s t r a c t

Multiple floating modules connected by flexible connectors can be viewed as a network
structure. A standard modeling process for multi-module floating structures in arbitrary
topology is presented by using network theory. A three-dimensional model is developed
using the linear wave theory, dynamic model of single floating module, constitutive model
of flexible connectors and model of a mooring system. As a typical application, a floating
airport model is established and further its nonlinear dynamic responses and connector
loads are analyzed. Numerical results show that the traditional linear analysis may
underestimate the actual results. The methodology applied in this paper is extensible to
many engineering problems with network structures alike.

& 2015 Elsevier Ltd. All rights reserved.
1. Introduction

The needs for ocean space utilization are expected to be increasing in future according to the rapid expansion of modern
industrial cities among coastal areas. Surely, very large floating structure (VLFS), which could be utilized as a floating airport,
mobile offshore base, floating pier, floating plant, floating city, floating storage facility, etc., plays a great role of the utili-
zation of ocean space because it has various merits in view points of economy, safety, and environmental friendliness (Park
et al., 2004). In order to perform its various functions and meet the constraints of safety and cost, intensive efforts should be
made in the initial conceptual design stage, structural arrangements, construction process and maintenance after operation
(Lee and Newman, 2000; Rognaas et al., 2001; Utsunomiya et al., 2004).

Among the various fields of design technology for VLFS, it is no doubt that the safety design of floating structures based
on hydrodynamic response analysis is one of the most important concerns (Du and Ertekin, 1991) particularly for some
applications that require stringent tolerance on the deformation of the floating structure. For example, the maximum pitch
angle between modules is less than about 0.86° for the aircraft operation on Mobile Offshore Base in Sea State 6(Rognaas et
al., 2001). In the past decades, the research on VLFS involves two types of floating bodies, the box shaped pontoon type and
the semi-submersible type. The hydroelastic theory has been widely applied to analyze the dynamics characteristics (Price
and Wu, 1986) due to the small draft in comparison with its length for the pontoon type VLFS. The common approach is to
model the entire floating structure by a single beam or plate based on the classical thin plate theory while the water wave is
modeled by using the linear wave theory (Aoki, 1997; Hamamoto, 1994; Kashiwagi, 1998; Khabakhpasheva and Korobkin,
Vehicle Engineering, Hunan University, Yuelu District, Changsha City, Hunan Province, PR China.
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2001). For the larger draft to length ratios as opposed to the mat-like VLFS, this necessitates to model the floating structure
as a thick plate by using Mindlin plate theory (Watanabe et al., 2006). The floating structures discussed above are all viewed
as a single continuum structure and their responses are obtained by using the linearized modal superposition or finite
element discretization method. Due to its vast scale of VLFS, a single continuum structure may cause extreme high
deformation loads in the internal of the structure and may also be troublesome in construction, transportation and
deployment. Thus multiple standardized modules with flexible connectors are concerned (Watanabe et al., 2004) where the
connection plays an important role in dynamic responses. Maeda et al. (1979) studied the one-dimensional behavior of
floating structures consisting of rigid modules with rigid or pin connectors for regular waves by a strip method. Fu et al.
(2007) and Wang et al. (2009) proposed the use of hinge or semi-rigid connectors instead of rigid ones since the non-rigid
connectors are more effective in reducing the hydroelastic response as comparing to the rigid connectors. Khabakhpasheva
and Korobkin (2002) and Xia et al. (2000) dealt with a VLFS as two-dimensional articulated beams or plates connected by
idealized connectors that are considered as two independent vertical and rotational springs. They showed that the
hydroelastic response is strongly dependent on the stiffness of connectors and the incoming wave frequency. Gao et al.
(2011) examined the effects of the location and the rotational stiffness of a flexible line connection on the hydroelastic
response. A pontoon type floating structure (PFS) which consists of deformable floating modules connected with flexible
connectors in longitudinal and (or) transverse directions is studied by Michailides et al. (2013). The effect of the connector’s
rotational stiffness and the grid type of the PFS on the hydroelastic response and the connectors’ internal load are analyzed.
The results indicated a complicated relationship between the internal load of the connectors and the hydroelastic response
of the examined PFS configurations when examining the effects of the connectors’ rotational stiffness and the excitation for
the grid type PFS. The semi-submersible type floating structure is an optimal choice in order to reduce the hydrodynamic
response in the deep sea area. To determine its hydroelastic response, it requires a structural model of VLFS considering the
elasticity of the structure, and a hydrodynamic model for the fluid force. Kim et al. (1999) developed a three-dimensional
hydroelastic model of a multi-module linked floating structure under regular waves with arbitrary angle by using FEM for
structures and WIMIT program for the fluid where the connector is represented by a linearized stiffness matrix with respect
to the displacements at the module connection points. However, the analysis for a refined finite element model is hardly
executed due to the massive scale of the floating structure. Thus there is motivation to use rigid modules, flexible connector
(RMFC) model (Wang et al., 1991), especially for conceptual and preliminary design. In the RMFC model, the VLFS is
represented by multiple rigid modules connected by flexible connectors with assigned stiffness properties (Riggs and
Ertekin, 1993). The connectors are usually modeled as simple linear and ‘zero-length’ springs (Riggs et al., 1998a). Paulling
and Tyagi (1993) introduced a RMFC model with four modules in which each module was modeled by slender tubular
members using the Morison formula and a pair of modules are connected by a combination of springs and damping devices
(dashpots) to generate linear proportional forces. A comparative study of the linear wave induced response of a 5-module
mobile offshore base (MOB) on two structural models (rigid module with flexible connector model and finite element shell
model) is reported in Riggs et al.'s works (2000). The results showed that the simplified RMFC model can predict the
response very well if the parameters correspond well to the FEM model’s. Reviewing the recent research works above and
many others not listed here carefully, we can conclude that almost all of the modeling methods adopt the linearization
approach for the classical beam (or plate) model or FEM models for VLFS. When dealing with connector models, it is
common to assume the flexible connection as independent linear springs in all degrees of freedom or discretized stiffness
matrix using FEM method. This treatment ignores the effect of nonlinearity and artificially decouples the interaction of the
module motions through connection points. Due to the large scale of floating modules, small motions of the floating
modules may lead to large displacements at the connection points so that it could give rise to strong geometrical non-
linearities in the connector model even if the connector element possesses linear elasticity characteristics. The nonlinearity
may induce a variety of complex dynamic behaviors, very different from the linear results such as response jumping, motion
synchronization and phase lock among the floating modules (Xu et al., 2014a; Zhang et al., 2015a). As for topological forms,
VLFS may be constructed in diverse platform shapes, such as chain-type for a floating runway (June Bai et al., 2001),
rectangular-type for entertainment facilities (Koh and Lim, 2009), circular-type for an artificial island (Andrianov and
Hermans, 2005). In fact, there have been few modeling works to deal with various topology structures for VLFS.

A multi-module floating structure connected by flexible connectors in a particular topology is a typical network structure
where each module under the excitation of waves can be viewed as an oscillator and a connector is viewed as a coupling
between the oscillators. The dynamic network theory can be utilized to model and predict the nonlinear dynamics of VLFS.
Our preliminary research on two dimensional problems of a chain-type floating airport (Xu et al., 2014a, 2014b; Zhang et al.,
2015a, 2015b) confirms the feasibility of the new methodology for such applications. This method showed that the non-
linear effect could significantly influence the dynamics prediction of the floating airport in which complex dynamical
behaviors have been investigated, including sudden changes of module responses and connector loads (Xu et al., 2014a), the
amplitude death phenomena for the global dynamic stability (Xu et al., 2014b), collectively synergistic effect of network
dynamics among floating modules due to coupling (Zhang et al., 2015a). These works are the initial attempt of introducing
nonlinear network dynamics theory to floating airport in marine engineering to enrich the methodology in the prediction of
dynamics response of VLFS.

This paper presents a new approach for modeling three dimensional problems of VLFS in arbitrary structure topology,
while the previous works (Xu et al., 2014a, 2014b; Zhang et al., 2015a) are only limited to two dimensional problems (surge,
heave and pitch motions) with a chain-type platform. With the three dimensional model to be developed, one enables to
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perform the dynamic prediction of any shaped VLFS on directional sea. In this paper, a standard modeling process for multi-
module floating structure with any configuration of connectors will be elaborated. A generalized network model of the
multi-module floating structure is developed based on the linear wave theory, a dynamic model of single floating module, a
constitutive model of the connector and model of a mooring system. An application example of a chain-type floating airport
is illustrated. Nonlinear dynamic responses and connector loads of the floating airport are numerically analyzed together
with the linear results to indicate the significant difference from the nonlinear scenario. The feasibility of the modeling
method introduced in this paper is not limited to the chain-type floating airport and theoretically suitable for all kinds of
VLFS with complex topology network structures.
2. Network modeling of multi-module floating structures with flexible connectors

Multiple floating modules coupled by flexible connectors can be viewed as a network structure. In this section, a gen-
eralized network model for VLFS with arbitrary topology form is developed, by integrating the hydrodynamic model of a
single floating module and model of connector, and model of mooring system constraints, where the topologic structure
form is defined by a topology connection matrix of the floating structure.

2.1. Preliminaries

Before the derivation of the mathematical model, we need to define coordinate references, number the floating modules
and construct the topology matrix.

First we set up two coordinate references. One is the global coordinate x; y; zð Þ, also referred as Earth-fixed reference, of
which the x�y-axis plan coincides with the water free surface and the z-axis points upwards. The other is local coordinate
ðζi; ηi; ξiÞ, corresponding to Body-fixed reference of the i-th module. The rotation center of the resting floating module is
defined as origin of the local coordinate, ζi�ηi axes are parallel with undisturbed free-surface and ξi axis points upwards. A
sketch of the coordinates is shown in Fig. 1.

Next, we should number every module of the floating system. The rule of numbering is that the difference between the
two assigned numbers of adjacent modules is the least. By so doing the topology matrix to be developed appears to be
diagonal and compacted.

For the general purpose of describing any topological form of VLFS, such as chain-type, rectangular-type or circular-type,
in the model, a connection topology matrix ΦAℝN�N is introduced to deal with arbitrary topological structures. A schematic
diagram for the construction of topology matrix for N numbers of floating modules is shown in Fig. 2. The rows and columns
of the topology matrix indicate the numbering of modules and its element Φij is set to 1 as long as the i-th module connects
with the j-th module, otherwise Φij is set to zero. The diagonal element Φii is also set to zero which means that a module
Fig. 1. Sketch of coordinate systems.

Fig. 2. Schematic diagram for the construction of connection topology matrix.
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cannot connect with itself. According to the above definition for the connection topology matrix, it is easy to understand
that the connection topology matrix is symmetric because of the mutual connection between the connected modules in the
floating system.

Introducing the topology matrix into the dynamics model enables to deal with the arbitrary connection among the
floating modules, so that the model is available to represent diverse topological VLFS by only changing the assignment of the
matrix element, no matter that the floating structure is a ring form or a rectangular form or any other topological forms.

2.2. Modeling of single floating body

For a single module, by applying the linear wave theory (Stoker, 2011), we can formulate a governing equation of motion
for the i-th floating module, given as

Mi
€XiþCi

_XiþGðXiÞ ¼ Fi;W þFi;CþFi;M ; ð1Þ
where Xi ¼ ½xi; yi; zi; αi; βi; γi�T is the generalized displacement vector of the i-th module in Earth-fixed frame, where the
symbols xi; yi; zi; αi; βi; γi indicate displacement of surge, sway, heave, roll, pitch and yaw motions respectively and the
superscript T denotes the transpose. For simplicity, we introduce Xi;1 ¼ xi; yi; zi

� �T
;Xi;2 ¼ αi; βi; γi

� �T . Mi;Ci are the mass and
damping matrices of the system, GðXiÞ indicates generalized hydrostatic restoring force. The systemmass matrixMiAℝ6�6 is
defined as (Faltinsen, 1993)

Mi ¼

m 0 0 0 mðzc�zgÞ 0
0 m 0 �mðzc�zgÞ 0 mðzc�zgÞ
0 0 m 0 �mðzc�zgÞ 0
0 �mðzc�zgÞ 0 Jx 0 � Jxz

mðzc�zgÞ 0 �mðzc�zgÞ 0 Jy 0
0 mðzc�zgÞ 0 � Jzx 0 Jz

2
6666666664

3
7777777775
; ð2Þ

wherem is the floating body mass, zg ; zc is the z coordinate of the center of gravity and rotation. Jx; Jy and Jz are the moments
of inertia about the x; y and z axes and Jxz ¼ Jzx are the products of inertia. Hence, it can be shown that the system inertia
matrix is symmetrical and positive definite.

Jx ¼∬V ðy�ycÞ2 dmþ∬V ðz�zcÞ2 dm
Jy ¼∬V ðz�zcÞ2 dmþ∬V ðx�xcÞ2 dm
Jz ¼∬V ðx�xcÞ2 dmþ∬V ðy�ycÞ2 dm; ð3Þ

Jxz ¼ Jzx ¼∬V ðx�xcÞðz�zcÞdm: ð4Þ
Here, small roll and pitch angles are assumed, such that the restoring vector GðXiÞ can be linearized to SiXi, where

SiAℝ6�6 is a matrix of generalized linear restoring force coefficients and is written as follows for the x�z plane symmetry
(El-Hawary, 2002).

Si ¼ �

0 0 0 0 0 0
0 0 0 0 0 0
0 0 Zz 0 Zβ 0
0 0 0 Kα 0 0
0 0 Mz 0 Mβ 0
0 0 0 0 0 0

2
666666664

3
777777775
; ð5Þ

where the coefficients are defined as follows:

Zz ¼ �ρgAw; ð6Þ

Zβ ¼Mz ¼ ρg∬Awx dA; ð7Þ

Kα ¼ �ρgVðzb�zgÞ�ρg∬Awy
2 dA; ð8Þ

Mβ ¼ �ρgVðzb�zgÞ�ρg∬Awx
2 dA: ð9Þ

Here, g is the acceleration of gravity, zb is the z-coordinate of the center of the buoyancy, Aw is the waterplane area, and V
is the volume of the water.

Generally, the damping of system is complex and has no uniform expression. In this paper, we do not consider damping
of the system thus the damping matrix Ci will be vanished in the following derivation.

The three terms of Fi;W ; Fi;C ; Fi;M in the right handside of Eq. (1) indicate the wave force, connector force and the force
produced by mooring system to be derived later.
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2.3. Hydrodynamic model

By assuming the water irrotational and inviscid, the linear wave theory (Stoker, 2011) is used to determine the wave
force. For linear wave with regular frequency ω, the total wave potential can be expressed as Φ¼ Re ϕe� iωt

� �
where ϕ is the

space velocity potential. Considering a floating system that consists of N numbers of modules separated with some gaps
with no speed, the total potential can be written as

ϕ¼ ϕIþϕDþ iω
XN
i ¼ 1

X6
q ¼ 1

uq
i ϕ

q
i ; ð10Þ

where i¼
ffiffiffiffiffiffiffiffi
�1

p
, and ϕI ;ϕD indicate incident potential and diffraction potential respectively. uq

i is complex amplitude of the
i-th module in the q-th modal, corresponding to the surge, sway, heave, roll, pitch and yaw of the module. The displacement

vector of harmonic motion of the i-th module in time evolution is formulated by Ui ¼ Uie� iωt ,Ui ¼ u1
i ;u

2
i ;…;u6

i

h i
. ϕq

i is the

potential due to a unit amplitude motion of the i-th module only and other modules are all fixed, referred as normalized
velocity potential of the q-th modal of the i-th module.

The incident potential ϕI can be determined by specifying wave frequency and wave height, diffraction potential ϕD and
normalized velocity potential ϕq

i satisfied Laplace equation, and conditions of free surface, body’s surface boundary, sea
bottom and infinity radiation, which can be written as

ϕI ¼
iga
ω

cosh kðzþhÞ
cosh kh

exp ik x cos βþy sin β
� �� �

; ð11Þ

∇2ϕD ¼ 0
∂ϕD
∂z �ω2

g ¼ 0
∂ϕD
∂n ¼ �∂ϕI

∂n
∂ϕD
∂z ¼ 0 z¼ �h

lim
r-1

ffiffiffi
r

p ∂ϕD
∂r � iω

2

g ϕD

� �
¼ 0

8>>>>>>>>><
>>>>>>>>>:

∇2ϕq
i ¼ 0

∂ϕq
i

∂z �ω2

g ϕ
q
i ¼ 0

∂ϕq
i

∂n jSi ¼ nq
i

∂ϕq
i

∂n jSm ¼ 0 iamð Þ
∂ϕq

i
∂z ¼ 0 z¼ �h

lim
r-1

ffiffiffi
r

p ∂ϕq
i

∂r � iω
2

g ϕ
q
i

� �
¼ 0

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

; ð12Þ

where nq
i is the q-th modal’s projection component of generalized outward normal vector of the i-th module. h indicates

water depth and r represents displacement between field point and source point.
Based on the governing equation and the boundary condition, the velocity potential can be solved by using the boundary

element method (in this paper, HydroD is used). After ϕD;ϕ
q
i are solved, the wave force can be obtained by integrating wave

potential along the wet surface of the i-th module using Bernoulli’ equation, we obtained

W
p
i ¼∬S

∂ϕp
i

∂n
� iωρ ϕIþϕDþ iω

XN
j ¼ 1

X6
q ¼ 1

uq
j ϕ

q
j

0
@

1
A

2
4

3
5ds

¼∬Sin
p
i � iωρ ϕIþϕDþ iω

XN
j ¼ 1

X6
q ¼ 1

uq
j ϕ

q
j

0
@

1
A

2
4

3
5ds: ð13Þ

In above equation, we usually divided the wave force into two parts in which one is the wave exciting force due to the
scattering potential ϕS ¼ ϕIþϕD and the other is the radiation force produced by radiation potential. They are formulated as

F
p
w;i ¼ � iωρ∬SϕSn

p
i ds; ð14Þ

R
p
i ¼ ρω2

XN
j ¼ 1

X6
q ¼ 1

∬Si u
q
j ϕ

q
j n

p
i ds

2
4

3
5¼

XN
j ¼ 1

X6
q ¼ 1

ω2Apq
ij þ iωBpq

ij

� �
uq
j ; ð15Þ

where

Apq
ij ¼ ρ∬SiRe ϕq

j

h i
np
i ds

Bpq
ij ¼ ρω∬Si Im ϕq

j

h i
np
i ds:

Apq
ij ;B

pq
ij indicate added mass and added damping respectively. Considering the relationship of velocity potential, space

velocity potential and normal velocity potential, Eq. (15) can be rewritten as

Rp
i ¼ R

p
i e

� iωt ¼
XN
j ¼ 1

X6
q ¼ 1

ω2Apq
ij þ iωBpq

ij

� �
uq
j e

� iωt ¼ �
XN
j ¼ 1

X6
q ¼ 1

Apq
ij
€uq
j þBpq

ij
_uq
j

� �
: ð16Þ
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For simplicity, Eqs. (14) and (16) can be written into a matrix form

Fi;w ¼ � iωρ∬SϕSnids; ð17Þ

Ri ¼ �
XN
j ¼ 1

Aij
€UjþBij

_Uj

� �
; ð18Þ

where

ni ¼ n1
i ;n

2
i ;…;n6

i

� �T
;

Aij ¼

A11
ij A12

ij ⋯ A16
ij

A21
ij A22

ij ⋯ A26
ij

⋮ ⋮ ⋱ ⋮
A61
ij A62

ij ⋯ A66
ij

2
666664

3
777775:

According to the above derivation, when the floating modules stay in harmonic motion excited by wave force, the total
wave force imposed on the i-th module can be formulated as

Wi ¼ Fi;We� iωtþRi: ð19Þ

2.4. Modeling of connectors

The position and orientation of the i-th module in the Earth-fixed frame are defined by Ψi ¼ ΨT
i;1;Ψ

T
i;2

h iT
, where the first

variable describes the position, while the last describes the Euler angles, there are,

Ψi;1 ¼Xi0;1þXi;1

Ψi;2 ¼Xi;2; ð20Þ

where Xi0;1 ¼ ½xi0; yi0; zi0�T is the origin position of the Body-fixed frame of the i-th module before deformation (Fig. 3).
Consider the connector p connecting the face m of module i and the face n of module j. The connection force on the face

m of module i, decomposed in the Earth-fixed frame, is denoted by f ijmn;p. Clearly, the force acting on face n of module j from
connector p is f jinm;p ¼ �f ijmn;p. The connector p acts at the points defined by the position vectors pb

im;p and pb
jn;p with respect

to the Body-fixed reference frames and the vectors are constant. In the global coordinate system, the position of the con-
nection points can be described by

pim;p ¼Ψi;1þT Ψið Þpb
im;p

pjn;p ¼Ψj;1þT Ψj
	 


pb
jn;p; ð21Þ

where the operator Tð�Þ denotes the coordinate transform matrix( Loukogeorgaki and Angelides, 2005), written as

T¼
cos γ cos β � sin γ cos αþ cos γ sin β sin α sin γ sin αþ cos γ cos α sin β

sin γ cos β cos β cos αþ sin α sin β sin γ � cos γ sin αþ sin β sin γ cos α

� sin β cos β sin α cos β cos α

2
64

3
75: ð22Þ

The vector describing the relative position of two connecting points is given as

lijmn;p ¼ pjn;p�pim;p; ð23Þ
Fig. 3. Sketch for the position relationship between adjacent modules and connector.
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while the distance between the connection points is given by

lijmn;p ¼ ‖pjn;p�pim;p‖: ð24Þ

The connector will impose forces on the modules at pim;p and pjn;p, as well as their torques at the gravity center of the
modules.

The direction vector for the projection of the connector deformation is formulated as

nijmn ¼
lijmn;p

lijmn;p
: ð25Þ

The translational restoring forces along the connectors are derived from Eqs. (23) and (25) written as

f ijmn;p ¼ ðlijmn;p�δpÞnijmn; ð26Þ

where the symbol δp indicates the initial length of the connector p, which can be calculated by the distance formula before
deformation, written as

δp ¼ ‖pjn0;p�pim0;p‖¼ ‖ Xj0;1þpb
jn0;p

� �
� Xi0;1þpb

im0;p

� �
‖: ð27Þ

The vector of the arm of force imposed on the rotation center of the i-th module due to connector forces in the Earth-
fixed reference are formulated as

rijm;p ¼ pim;p�Ψi;1: ð28Þ

The force acting on the module will induce torques about the gravity center of modules. The torque vector in the Earth-
fixed reference frame is formulated as

mijmn;p ¼ rijm;p � f ijmn;p: ð29Þ

For a multi-module floating structure, usually a module may connect with adjacent modules via several faces or only one
face. To be able to deal with arbitrary connection, we need to number all faces of modules in the sense of local numbering on
individual module and global numbering based on the entire floating structure . Fig. 4 illustrates an example for the face
numbering of two connected triangle modules. There are module I and module J, and their faces are represented by the
triangle side lines. The local faces of module I are numbered by I1, I2, and I3, and the local faces of module J are numbered by
J1, J2, and J3. The global numbering is denoted by 1,2,3,… on all the faces of the two modules. Each local face number
corresponds to a global face number. There is a rule for the global numbering. If the face Ii of the module I is connected with
the face Jj of module J, the same global number should be assigned to both the faces. Taking an example in Fig. 4, the
connected faces of local face numbers are I3 and J1, shown in thick lines. The global face number for both the faces should be
given by number 5.

The global and local face numbers are tabulated in Table 1, where the two modules are connected only via the global face
number 5.
Module I 

Module J 

I1

I2

I3

J3

J2J1
1 

2 

3 

4 

5 

Fig. 4. Face numbering for connected modules. Ii and Jj are the local face numbering, and 1,2,3,4,5 are the global face numbering. The connected faces
between module I and J share the same global number 5.

Table 1
Local and global face numbers for the example of Fig. 4.

Module I J

Local face number I1 I2 I3 J1 J2 J3
Global face number 1 4 5 5 3 2
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Let symbol Γð�Þ denote a series of the global face numbers. If the global face number ΓðmÞ is identical to ΓðnÞ, the face
connection index Ξmn is assigned by a value of 1, otherwise 0, written as

Ξmn ¼
1 ΓðmÞ ¼ ΓðnÞ
0 ΓðmÞaΓðnÞ

(
: ð30Þ

In Eq. (30) the face connection index defines which face of a module is connected with which face of other module.
Since a module should not be connected by itself, there is f iimm;p ¼ 0. The connection force imposed on module i in the

Earth-fixed reference frame due to the connection with module j can be formulated as

Fcij ¼
XNc

p ¼ 1

Ξmnkp
f ijmn;p

mijmn;p

" #
; ð31Þ

where Nc is the number of the connectors between the module i and j.
If all the connectors have the same stiffness kc, that is

kp ¼ kc; p¼ 1;2;…;Nc ð32Þ
then the connection force imposed on module i in the Earth-fixed reference frame due to the connection with module j is

Fcij ¼ kc
XNc

p ¼ 1

Ξmn

fijmn;p

mijmn;p

" #
: ð33Þ

Eq. (31) is a constitutive model for the connectors with stiffness kp, which describe force–deformation relationship of
connectors. The derivation process of the model becomes easy when introducing two sets of coordinates and using coor-
dinate transformation. The model (33) is simple. It only needs the information of the coordinates of connection points in the
local body coordinate, and generally suitable for any type of topological connections, while the previous work (Zhang et al.,
2015a) has to involve repeatedly complex mathematic derivation of the model for a particular type of connection. Note that
the model of the connectors contains nonlinear geometric characteristics and the coupling terms of module response vector.
It indicates that the stiffness of the connection between adjacent modules in a specified degree of freedom depends on the
motions in other degrees of freedom even if the elasticity of a single connector possesses a linear property. In addition, the
nonlinearity could be very strong because the small motion of modules may cause large deflection at connection points due
to huge differences of the size scale between modules and connectors.

2.5. Network model of multi-module floating structures

For the network model of multi-module floating structure with arbitrary topology, its governing equations can be for-
mulated as follows step by step.

For the wave force imposed on each module, Eq. (19) can precisely calculate the total wave force if the harmonic motion
of a module coincides with the wave frequency. For nonlinear dynamic system, strictly speaking, the wave force should be
integrated at each time step because the nonlinear responses may not be a harmonic motion, so that the computation
becomes highly costly. Considering nonlinear responses are mostly dominated by the fundamental frequency in frequency
spectrum, we adopt an approximate approach by taking Xi �Ui, such that the wave force can be formulated as

Fi;W 6Wi ¼ Fi;We� iωt�
XN
j ¼ 1

Aij
€XjþBij

_Xj

� �
: ð34Þ

In order to deal with arbitrary topology types of floating structures, a topology matrix ΦAℝN�N is introduced where its
element Φij is set to 1 when the i-th module connects with the j-th module, otherwise Φij is set to zero. Considering the
possible connection couplings of all modules, the total connector force imposed on the i-th module can be described as

Fi;C ¼ ε
XN
j ¼ 1

ΦijGðXi;XjÞ; ð35Þ

where ε is the coupling strength, physically representing the stiffness of connectors. GðXi;XjÞ is the coupling function which
defines the specific interaction in different degrees of freedom between the i-th module and the j-th module. In this model it
represents the constitutive relationship of the connector in Eq. (33), expressed by

GðXi;XjÞ ¼
XNc

p ¼ 1

Ξmn

f ijmn;p

mijmn;p

" #
: ð36Þ

The floating structure may be practically constrained by a mooring system to prevent drifting. Considering the simplest
linear mooring model, the mooring force imposed on the i-th module can be written as

Fi;M ¼ �δ i; i0ð ÞKiXi; ð37Þ
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where i0 is the number of the module which mooring system acts. δ i; i0ð Þ denotes Delta function which is satisfied

δði; i0Þ ¼
0; ia i0
1; i¼ i0

(
: ð38Þ

A network model of multi-module floating structure can be formed based on the single module governing Eq. (1), the
total wave force expression (34), the constitutive model of connector (35) and the constraint model of mooring system. The
governing equations for an N-module floating structure can be generally written as

Mi
€Xiþ

XN
j ¼ 1

Aij
€XiþBij

_Xi

� �
þ Siþδ i; i0ð ÞKi½ �Xi ¼ Fi;we� iωtþε

XN
j ¼ 1

ΦijGðXi;XjÞ; i¼ 1;…;N: ð39Þ

By now, a generalized three-dimensional network model (39) for a multi-module floating structure is developed which is
available to any type of connectors in arbitrary topology structures. When tailoring to a particular model for computation,
we should first define the topological matrix according to the design of structure topology, assigning the numbers for the
modules and connectors, and then connection faces of connectors.
3. Numerical illustrations for a multi-module floating airport

For the illustration of the feasibility of modeling method, a floating airport is considered which is connected by five
modules in a chain-type of structure topology.

3.1. Parameters of simulating model

A floating airport is constructed by serially connecting five identical semi-submersible floating modules in waves. The
configuration sketch and the assignment of the numbers of modules and connectors are shown in Fig. 5.

In Fig. 5, M1–M5 indicate the modules and the blue lines labeled with C1–C8 denote the connectors. Each module is
symmetric with respect to plants of Oiζiξi and Oiηiξi. The pertinent information of a single module is given in Table 2. The
connection points are arranged at upper hull and their coordinates in the body-fixed frame are 7150; 740;12ð Þ. The initial
length of the connector and the gap between adjacent modules is δ¼ 25 m.

For the chain-type floating airport with the module number shown in Fig. 5, the topology matrix Φ can be formulated as

Φij ¼
1 j¼ iþ1
0 others

�
i¼ 1;2;…;5; j¼ i; iþ1;…;5: ð40Þ

We can see that the topology matrix in Eq. (40) is a diagonal matrix. For the chain-type floating airport, face number is
illustrated in Fig. 6. The blue color numbers indicate local face numbers and black numbers indicate global face numbers.

In order to constrain a drift of the floating airport, module-1 and module-5 are constrained by anchor chains. So the
effect of constrained boundary condition is represented by the linear mooring stiffness matrix in which the stiffness
coefficients in each degree of freedom are assigned as Kii ¼ 1� 108N=m ði¼ 1;…;6Þ.

For the wave parameters, the wave frequency is spanned in the interval of 0:1�1:5rad=s. The wave height is set at
a¼ 5 m and water depth is set at h¼ 300 m. The works (Riggs et al., 2000, 1998a, 1998b; Wu and Mills, 1996) revealed that
the most dangerous work condition happens approximately at 85° wave angle, so we only choose this scenario for the
numerical simulation for the illustration purpose.
Fig. 5. Configuration sketch of 5-module floating airport.



Table 2
Principal characteristics of a single module.

Term Parameter (Unit) Value

Upper hull Length (m) 300
Breadth (m) 100
Depth (m) 6

Columns Length (m) 16
Diameter (m) 18
Transverse spacing (m) 58
Longitudinal spacing (m) 60

Lower hull Length (m) 270
Breadth (m) 27
Depth (m) 5

Others Vertical height of gravity center (m) 12
Design draft (m) 12
Displacement (t) 93 614
Moment of inertia for x, y, z axis (kg m2) 1.089�1011

7.282�1011

7.282�1011

Fig. 6. Sketch for face numbering of 5-module floating airport. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.).
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3.2. Nonlinear dynamic response and connector load

Most existing research works on VLFS do not consider the effect of nonlinear dynamics. In order to explain the necessity
of considering nonlinearity, we will purposely add the linear results for the comparison with nonlinear case. When line-
arizing the nonlinear coupling function G, it yields,

GLðXi;XjÞ ¼ KLðXj�XiÞ; ð41Þ

where linearized coupling matrix KL can be formulated as

KL ¼

2 0 0 0 2δ2 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
2δ2 0 0 0 2δ22 0
0 0 0 0 0 δ1

2=2

2
6666666664

3
7777777775
; ð42Þ

where δ1 is the horizontal distance between two parallel connectors and δ2 is the vertical distance between the connectors
and free water surface which is marked in Fig. 5. It is easy to find that the linearized coupling matrix KL is almost decoupling
except surge and pitch motions, and in sway, heave and roll, the linearized model has no coupling effect because of ignoring
high order terms of coupling function.

In order to understand the coupling characteristics of the connector in the case of nonlinearity, the six components of the
coupling function G versus only two relative displacements of the surge motion Δx and roll motion Δα while other dis-
placements are all set with zero which is shown in Fig. 7.

The surge motion (shown in Fig. 7(a)) and pitch motion (shown in Fig. 7(e)) almost only depend on the relative surge
motion Δx but the other four motions components of G function have strong nonlinear relationship with the two relative
displacements of surge and roll motions. When examining the four components discussed above clearly in Fig. 7, it is easy to
find that they all appear as curvature surfaces in the three dimensional space which implies that they have nonlinear
characteristics. Note that Fig. 7 only illustrates the effect of two relative displacements. In fact, a connector force in a certain
degree of freedom may be seriously affected by the motions of all other degrees of freedom. While linearization methods
assume connector forces independent in each degree of freedom, ignoring the coupling effect of nonlinearity, it may result
in unreasonable results.

To understand the effect of the geometric nonlinearity of connectors on dynamic response, Fig. 8 illustrates the system
response versus connector stiffness in wave frequency ω¼ 0:5. The heave motions of five modules versus connector stiffness
are shown in Fig. 8(a). For small connector stiffness in the interval of 2:2� 106okco8:4� 108, the nonlinear responses



Fig. 7. Nonlinear coupling function G against relative displacement Δx and Δα .
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denoted by broken lines show that the motion pattern is chaotic or sub-harmonic oscillation. With the increase of connector
stiffness, the response curves appear smooth associating with a simple harmonic motion. The amplitude of motions in
chaotic or sub-harmonic region is always larger than that of the simple harmonic region. Note that every module has the
same oscillation pattern, which means that all modules behave similarly under the same parameters settings although their
amplitudes could have discrepancy. In other words, if one module settles in a chaotic state the others will settle to the same
pattern as well. It is worthy to remark that such synchronous phenomena also happen among different degrees of freedom,
although not shown here. In order to see the differences between linear and nonlinear results, we chose module M2 as an
example. Fig. 8(b) shows the amplitude of surge motion for module M2 versus connector stiffness both for the nonlinear and
linear responses. In general, the nonlinear amplitude is much larger than the linear result, and the maximum amplitude of
the nonlinear response is doubled over the linear one. Linear resonance (solid line) happens narrowly while the nonlinear
resonance covers much larger region. From Fig. 8(c) to (g), the figures show the roll, sway and heave motions and so on. The
nonlinear response curves almost have the same pattern as the surge motion in Fig. 8(b); however, the linear responses are
almost constant with the increase of connector stiffness. When we examine the linearized model, we find that the change of
the stiffness of the horizontal placed connectors can only take effect on the surge motion but cannot influence the stiffness
in the roll, sway and heave directions, because the linearization process truncates the effects of high order terms in the
nonlinear constitutive model of the connector. For the pith motion of module M2 shown in Fig. 8(e), the linear and nonlinear
results also have resonance region like surge motion shown in Fig. 8(b), but the amplitude for the nonlinear result is still
larger. Fig. 8(g) illustrates the yaw motion of module M2. The nonlinear result is about the same in comparison with the
linear response at the peak of resonance of kc ¼ 2:13� 108, apart from which the nonlinear results are much larger than
linear results. We can conclude that nonlinear responses in general are much larger than the linear one, and the fierce
oscillations also cover wider parameter region. In another words, the linearization method may underestimate the actual
response level of the floating structure.

Considering the wave condition may change over the time, we are interested in the variation of module responses when
the wave frequency changes. Taking an example by choosing a typical stiffness kc ¼ 2:13� 108 at the resonance of the yaw
motion, referring to Fig. 8(g), the variation of the nonlinear responses is shown in Fig. 9.

For the surge motion (shown in Fig. 9(a)) and pitch motion (shown in Fig. 9(d)), it is easy to find that the wave frequency
plays a great role in nonlinear results and there are some resonance peaks in the frequency interval we chose, but the linear
results have minor changes. For the wave angle we choose in this case, we know that, no matter what wave frequencies, the
wave force imposed in these two directions is weak. So the results of linearized model are always very small in the wave
frequency domain. For nonlinear case, however, the motions in these two directions are coupled with others, so that the
oscillation energy can transfer among these motions. Fig. 9(b) illustrates the roll motion of module M2. The nonlinear
amplitude is much larger than the linear results in low frequency band while there is tiny discrepancy in the region of high
frequency band. From Fig. 9(c), the nonlinear and linear variation trends for sway freedom are similar, but linear results
appear to a smooth curve while nonlinear results have a number of peaks. The reason for these peaks is that the system
responses involve chaotic or high-order motion patterns in nonlinear model. Fig. 9(e) illustrates the amplitude–frequency
curves of heave motion. The trend of the response curve of the linear result coincides well with nonlinear result, but the
peak value of the nonlinear result is more than twice compared with linear results. For the yaw motion shown in Fig. 9(f),
there is a large discrepancy between the linear and nonlinear results in low frequency band, similar to the surge and pitch



Fig. 8. The response amplitude versus connector stiffness for wave angle ψ ¼ 85 ̂ , wave height a¼ 5 m, and wave frequency ω¼ 0:5rad=s.
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motions. When we examine the middle section of frequency band, the peaks of the linear and nonlinear curves are located
in different positions but close, which may be caused by a inclined resonance peak of nonlinear system (Zhang et al., 2015a).

Connector is a key element for the multi-module floating structures, and the connector load under various module
motions is seriously concerned. Fig. 10 illustrates the connector load under changes in connector stiffness and wave



Fig. 9. Amplitude–frequency curves for wave angle ψ ¼ 85 ̂ , wave height a¼ 5 m and connector stiffness kc ¼ 2:13� 108 N=m.
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frequency. Fig. 10(a) shows the connector load versus connector stiffness for wave frequency ω¼ 0:5rad=s. For linear results,
there are two dominant resonance peaks at connector stiffness kc ¼ 5:8� 107, kc ¼ 2:13� 108 which coincide well with the
resonance peaks of surge and yaw motions. Similar to response curves, connector load also has a wide resonance region. For
the maximum connector load, the nonlinear result is 1.6 times more than the linear result. Fig. 10(b) illustrates the con-
nector load versus wave frequency for connector stiffness kc ¼ 2:13� 108 N=m. The evolution of nonlinear connector load is
similar to the surge motion in Fig. 9(a) and the connector load is always large in low frequency region. But for linear result,
there is only a dominant resonance peak in middle frequency band which coincides with the yaw resonance peak. In
comparison with the maximum connector load between linear and nonlinear results, there is a discrepancy over two times.

According to the above numerical analysis, we could conclude that the nonlinear response and connector load are much
larger than linear results. The coupling effect in nonlinear network structure can play a significant role in the results of the
response and connector load. The decoupling treatment of linearization methods might underestimate the module
responses and connector loads, leading to unrealistic optimistic design results. Nevertheless, we have to note that only the
numerical simulation still cannot draw a convinced conclusion which needs to be experimentally verified in our
future work.



Fig. 10. Connector load variation in changes of (a) connector stiffness at wave frequency ω¼ 0:5rad=s; (b) wave frequency at stiffness kc ¼ 2:13� 108N=m
(for wave angle ψ ¼ 85 ̂ , wave height a¼ 5 m, diamond line for linear results, circular line for nonlinear results).
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4. Conclusions

In this paper, a network modeling method is introduced to model the multi-module floating structures of arbitrary
topological form. A generalized three-dimensional network model is developed based on linear hydrodynamic model,
model of flexible connector with geometric nonlinearity and constraint model of mooring system. The modeling method is
suitable for any type of connection configurations by only defining a structure topology matrix and connection face index. A
numerical example for chain-type multi-module floating airport is illustrated to verify the feasibility of its applications. The
nonlinear dynamic response and connector load are simulated in the connection stiffness and wave frequency domains
together with the comparison of the linear counterpart. Numerical results show that the nonlinear results are in general
larger than linear results. Although we only present the nonlinear results in particular parameters without extreme sea
conditions, the analysis results can lead to a general conclusion that the coupling effect in nonlinear model cannot be simply
ignored. The generalized model derived in this paper can be applied to various engineering problems with network
structures alike.
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