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On theoretical and experimental study of
a two-degree-of-freedom anti-resonance
floating vibration isolation system

Chunrong Liu1, Daolin Xu1, JiaXi Zhou1 and Steve Bishop2

Abstract

A two-degree-of-freedom floating vibration isolator (TDOFFVI) based on an anti-resonance mechanism is pre-

sented. This isolator has two tunable anti-resonance frequencies capable of attenuating vibrations at one or two

frequency excitations simultaneously. A mathematical model of the TDOFFVI is developed. The force transmissi-

bility and the anti-resonance frequencies in conjunction with design parameters are formulated and the optimal

design of the TDOFFVI is given. A physical prototype of the TDOFFVI has been designed, built and tested. The

experimental results validate the theoretical analysis and show that the TDOFFVI can perform effectively in

vibration isolation.
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1. Introduction

When considering vibration isolation techniques, pas-
sive (or some semi-active controlled) isolators are cost
effective and easy to maintain, which make them favor-
able in engineering applications. The performance of
most passive isolation systems is confined to a certain
bandwidth of vibration frequencies, where the lower
frequency vibration isolations are of much concern.
In order to improve the isolation performance in the
low frequency range, Frahm (1911) presented a
dynamic vibration absorber, which has the potential
to isolate single frequency vibration completely. In
recent times, there have also been many scholars study-
ing this type of vibration isolator (Chatterjee, 2008;
Gong et al., 2013; Shen et al., 2013). Quasi-
zero-stiffness vibration isolation systems introduced
recently (Ibrahim, 2008; Carrella et al., 2009; Zhou
and Liu, 2010) possess the property of a high-static
stiffness and low-dynamic stiffness. However, this type
of isolator requires an exact match between the static
load of mass and combined stiffness of systems, making
their implementation more restrictive.

Similar to dynamic vibration absorbers, dynamic
anti-resonance vibration isolators introduced in the
aerospace industry (Goodwin, 1965; Flannelly, 1967;

Rita et al., 1978; Halwes, 1980; Desjardins and
Hooper, 1980; Braun, 1982) have no limitation on
static load. This type of passive vibration isolator pos-
sesses an anti-resonance frequency, at which the inertial
force counterbalances the fluctuations of the spring
force. In order to isolate the lower frequency vibrations
as the actual mass and the static stiffness of the system
are constrained, leverage is often used to increase the
effective mass. In practical applications, a fluid-type
anti-resonance vibration isolator may offer a better
solution since the hydraulic leverage has a compact
arrangement and higher leverage ratio than a mechan-
ical one. Different kinds of fluid-type anti-resonance
vibration isolators have been reported previously. In
order to adapt to the changes of excitation frequency,

1State Key Laboratory of Advanced Design and Manufacturing for Vehicle

Body, Hunan University, People’s Republic of China
2Department of Mathematics, University College London, UK

Corresponding author:

Chunrong Liu, State Key Laboratory of Advanced Design and

Manufacturing for Vehicle Body, College of Mechanical and Vehicle

Engineering, Hunan University, Changsha 410082, People’s Republic of

China.

Email: liucr@hnu.edu.cn

Received: 3 May 2013; accepted: 2 August 2013

Journal of Vibration and Control

2015, Vol. 21(10) 1886–1901

! The Author(s) 2013

Reprints and permissions:

sagepub.co.uk/journalsPermissions.nav

DOI: 10.1177/1077546313503677

jvc.sagepub.com

 at PENNSYLVANIA STATE UNIV on February 21, 2016jvc.sagepub.comDownloaded from 

http://jvc.sagepub.com/


vibration isolators with tunable anti-resonance frequen-
cies have also been designed. Hodgson and Duclos
(1991), Jones and Downing (1993) and Smith and
Stamps (1998) tuned the amplitude of the inertia
force by varying the length of the fluid port. Plooy
et al. (2005) designed adjustable pneumatic springs to
tune the anti-resonance frequency of the system to be
compliant with the external excitation frequency.
Scarborough et al. (2012) presented a novel anti-reson-
ance vibration isolator which couples a fluidic flexible
matrix composite to an air-pressurized fluid port. By
changing the air pressure, they were able to adjust the
anti-resonance frequency. Liu et al. (2012) devised a
single-degree-of-freedom floating vibration isolator
(SDOFFVI) that can tune the added mass of flowing
fluid by changing the immersion depth of the floating
body.The above vibration isolators showed excellent
isolation performance for a single frequency vibration.
However, it is difficult for any of them to isolate vibra-
tions including more than one frequency component.
Yilmaz and Kikuchi (2006a,b) proposed a concept of
anti-resonant vibration isolator which can isolate vibra-
tions with multi-frequency components.Unfortunately,
they did not develop physical devices for experimental
verification.

Multi-frequency excitations are often encountered
in machinery vibrations. For example, diesel engines
of marine vessels may produce vibration noise at two
major frequencies due to the utilization of a crank-
slider mechanism. Isolation of machinery vibrations is
important to improve acoustic stealth of marine ves-
sels (Lou et al., 2005; Yu et al., 2007; Wen et al.,
2009; Li et al., 2011; Zhou et al., 2012). Hence, it is
desirable to develop a new type of anti-resonance
vibration isolator that can suppress multi-frequency
vibrations.

In this paper, a two-degree-of-freedom floating
vibration isolator (TDOFFVI), which possesses two
tunable anti-resonance frequencies, is proposed. The
TDOFFVI is designed with a double-layer isolation
configuration based on the anti-resonance mechanism.
It is far more complicated than a SDOFFVI (Liu et al.,
2012), because the interaction between the two coupled
moving parts must be considered. Furthermore, the
optimization of the design of the TDOFFVI becomes
more complicated than that of the SDOFFVI since
more design parameters are involved. In this paper,
the mathematical model of the TDOFFVI is presented,
the formula to calculate for the transmissibility force
and the anti-resonance frequencies of the TDOFFVI
are derived.Based on the theoretical analysis, the opti-
mized design of the TDOFFVI is discussed and a com-
parison is made to the SDOFFVI. A series of
experiments are carried out to validate the analytical
results.

2. Theoretical analysis of the
two-degree-of-freedom floating
vibration isolator (TDOFFVI)

2.1. Description of the two-degree-of-freedom
floating vibration isolator (TDOFFVI)

The TDOFFVI consists of a floating body, a smaller
fluid container and a larger fluid container. The smaller
fluid container is inside the larger one with support
springs between, as well as fluid. A floating body is
placed into the smaller fluid container supported by
springs and fluid. A schematic diagram of the
TDOFFVI is shown in Figure 1. The widths of the float-
ing body, the smaller and the larger fluid containers,
which cannot be shown in the two-dimensional plot,
are approximately identical denoted by W, ignoring
the wall thickness of the containers. Consider now that
a mass is loaded on the floating body and the larger fluid
container is rigidly mounted on a ground base. The exci-
tation force provided by the load is directly applied to
the mass, and is transmitted through the floating body
to the smaller fluid container, then to the larger fluid
container, and finally transmitted to the base.

2.2. Mathematical model

The motion of the TDOFFVI is constrained in vertical
direction with two moving parts of the floating body
and the smaller fluid container. The equations of the
motion for the floating body and the smaller fluid con-
tainer are derived in this section.

The spring forces acting on the floating body and the
smaller fluid container are designated as Fs

1 and Fs
2

respectively, which can be calculated by the following
formula

Fs
1 ¼ �k12h

0
12, h012 ¼ h12 � h012 ð1Þ

Fs
2 ¼ k12h

0
12 � k23h

0
23, h023 ¼ h23 � h023 ð2Þ

where k12 is the stiffness of the springs between floating
body and smaller fluid container, k23 the stiffness of the
springs between the smaller fluid container and the
larger fluid container, h012, h023 the values of h12, h23 at
the equilibrium respectively.

The dynamic fluid pressure distribution has to be
determined before calculating the fluid forces acting
on the floating body and the smaller fluid container.
The two regions are considered: (1) the fluid between
the smaller fluid container and the larger fluid con-
tainer, (2) the fluid between floating body and the smal-
ler fluid container.

As the pressure of fluid between the smaller fluid
container and the larger fluid container is calculated,
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the inertial coordinate system fixed on the base
x�O� z (see in Figure 1) is employed. The symmetry
of the structure allows the study to only focus on the
region for x4 0. Under the condition of h23 � L2, the
pressure and the velocity of the fluid in the horizontal
channel between the smaller fluid container and the
larger fluid container can be approximately expressed
as the function of x and t. Ignoring the viscosity of the
fluid, the momentum equation of the fluid in the hori-
zontal channel is given as

Z x

0

�
@u23ðx, tÞ

@t
dxþ �u223ðx, tÞ ¼ p23ð0, tÞ � p23ðx, tÞ ð3Þ

where � is the density of the fluid, u23ðx, tÞ and p23ðx, tÞ
the horizontal velocity and dynamic pressure of the
fluid in the horizontal channel between the smaller
fluid container and the larger fluid container respect-
ively. For incompressible fluid, the continuity condition
requires

u23 x, tð Þh23 ¼ �U23x ð4Þ

where U23 is the velocity of the smaller fluid container.
Substituting (4) into (3), gives the expression for
p23ðx, tÞ as

p23 x, tð Þ ¼ p23 0, tð Þ þ
�

2h23

dU23

dt
x2 � �

U2
23x

2

h223
ð5Þ

In order to determine the value of p23ð0, tÞ, the pres-
sure of the fluid in the vertical channel between the
smaller fluid container and the larger fluid container
is discussed. At the free surface (z ¼ H2 þ h23), dynamic
pressure of fluid equals zero. If w23 � H2 and the vis-
cosity of the fluid is ignorable, the momentum equation
of the fluid in the vertical channel between the
smaller fluid container and the larger fluid container
is written as

Z H2þh23

h23

�
@v23ðz, tÞ

@t
dz ¼ pvðh23, tÞ � �g H2 �H0

2

� �
ð6Þ

where v23ðz, tÞ is the vertical velocity of the fluid in the
vertical channel between the smaller fluid container and
the larger fluid container, pvðh23, tÞ the dynamic pres-
sure of the fluid at z ¼ h23, H

0
2 the value of H2 at the

equilibrium. The value of v23ðz, tÞ is given by the con-
tinuity condition that leads to the values of v23ðz, tÞ and
H2 �H0

2

v23 z, tð Þ ¼ �
U23L2

2w23
ð7Þ

H2 �H2
0 ¼ � 1þ

L2

2w23

� �
h023 ð8Þ

For the region of the fluid, the point at z ¼ h23 and
the point at x ¼ L2=2 can be regarded as proximately
the same point, the pressures should be equal,

Figure 1. Schematic diagram of the two-degree-of-freedom floating vibration isolator (TDOFFVI): 1 floating body; 2 smaller fluid

container; 3 larger fluid container; 4 springs; 5 fluid; 6 base.
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i.e. p23ðL2=2, tÞ ¼ pvðh23, tÞ, and thus by (5), (6), (7) and
(8) the expression for p23ð0, tÞ can be obtained as

p23 0, tð Þ ¼ �
�

2

L2
2

4h23
þ
H2L2

w23

� �
dU23

dt

� �g 1þ
L2

2w23

� �
h023 þ �

U2
23L

2
2

4h223
ð9Þ

Substituting (9) into (5), gives

p23ðxÞ ¼ �
�

2

dU23

dt

L2
2

4h23
þ
H2L2

w23

� �
� �g 1þ

L2

2w23

� �
h023

þ �
U2

23L
2
2

4h223
þ

�

2h23

dU23

dt
x2 � �

U2
23x

2

h223
ð10Þ

The dynamic pressure p12 of fluid between the floating
body and the smaller fluid container can be calculated in
the coordinate system fixed on the smaller fluid con-
tainer x0 �O0 � z0(see in Figure 1). Since the x0 �O0

�z0 is not an inertial coordinate system, p12 is written as

p12 ¼ pr þ p0 ð11Þ

Where pr is the dynamic pressure obtained by assuming
that x0 �O0 � z0 is an inertial coordinate system, and
that p0 is the pressure induced by the acceleration of the
smaller fluid container. The expression for pr is similar
to the expression for p23 and determined by

prðx
0Þ ¼ �

�

2

dU12

dt

L2
1

4h12
þ
H1L1

w12

� �
� �g 1þ

L1

2w12

� �
h012

þ �
U2

12L
2
1

4h212
þ

�

2h12

dU12

dt
x02 � �

U2
12x
02

h212
ð12Þ

where U12 is the velocity of the floating body relative to
the smaller fluid container. The value of p0 can be cal-
culated by

p0ðhf Þ ¼ �
d2h023
dt2

hf ð13Þ

where hf is the vertical distance of a point in the fluid
from the free surface. Substituting (12) and (13) into
(11), gives the expression for the pressure p12

p12ðx
0,hf Þ ¼�

�

2

dU12

dt

L2
1

4h12
þ
H1L1

w12

� �
��g 1þ

L1

2w12

� �
h012

þ�
U2

12L
2
1

4h212
þ

�

2h12

dU12

dt
x02

��
U2

12x
02

h212
þ�

d2h023
dt2

hf ð14Þ

Under the condition of w12 � L1,w23 � L2, the
dynamic forces acting on the floating body and the
smaller fluid container by the fluid are calculated by
the following formulae respectively

F f
1 ¼ 2W

Z L1=2

0

p12ðx
0,H1Þdx

0 þ FD
1 ð15Þ

Ff
2¼2W

Z L2=2

0

p23ðxÞdx�

Z L1=2

0

p12 x0,H1þh12ð Þdx0
� �

þFD
2

ð16Þ

where FD
1 ,F

D
2 is the added terms if we consider the vis-

cosity of the fluid. Substituting (10) and (14) into (15)
and (16), gives

Ff
1¼�

�

2

dU12

dt

WL3
1

6h12
þ
WH1L

2
1

w12

� �
��gWL1 1þ

L1

2w12

� �
h012

þ�
d2h23
dt2

H1WL1þ�
U2

12WL3
1

6h212
þFD

1 ð17Þ

Ff
2¼�

�

2

dU23

dt

WL3
2

6h23
þ
WH2L

2
2

w23

� �
��gWL2 1þ

L2

2w23

� �
h023

þ
�

2

dU12

dt

WL3
1

6h12
þ
WH1L

2
1

w12

� �
þ�gWL1 1þ

L1

2w12

� �
h012

��
d2h23
dt2

H1þh12ð ÞWL1þ�
U2

23WL3
2

6h223

��
U2

12WL3
1

6h212
þFD

2 ð18Þ

The equations of motion of the floating body and the
smaller fluid container are thus given by

M1
d2h012
dt2
þ
d2h023
dt2

� �
¼ F f

1 þ Fs
1 þ Fex

M2
d2h023
dt2
¼ F f

2 þ Fs
2

8>>><
>>>:

ð19Þ

where M1, M2 are the mass of floating body and the
smaller fluid container respectively. Substituting (1),
(2), (17), and (18) into (19) and considering small amp-
litude vibrations, gives the equations of motion as

m11
d2h012
dt2
þm21

d2h023
dt2
þ CD

12

dh012
dt
þ Ke

12h
0
12 ¼ Fex

�m12
d2h012
dt2
þm22

d2h023
dt2
� CD

12

dh012
dt

þCD
23

dh023
dt
� Ke

12h
0
12 þ Ke

23h
0
23 ¼ 0

8>>>>>><
>>>>>>:
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m11 ¼M1 þ
�

2

WL3
1

6h012
þ
WH0

1L
2
1

w12

� �
,

m21 ¼M1 � �H
0
1WL1, Ke

12 ¼ k12 þ �gWL1 1þ
L1

2w12

� �

m12 ¼
�

2

WL3
1

6h012
þ
WH0

1L
2
1

w12

� �
,

m22 ¼M2 þ � H0
1 þ h012

� �
WL1 þ

�

2

WL3
2

6h023
þ
WH0

2L
2
2

w23

� �

Ke
23 ¼ k23 þ �gWL2 1þ

L2

2w23

� �
ð20Þ

where H0
1 and H0

2 are the values of H1,H2 at the equi-
librium respectively, CD

12 and CD
23 are the damping coef-

ficients. The values of CD
12 and CD

23 are related to the
fluid viscosity. As the fluid viscosity is ignored,
CD

12 ¼ CD
23 ¼ 0. Considering nonlinear problems, CD

12

and CD
23 must be the function of the vibration frequency

and velocity. In this paper, linear problems are studied,
so CD

12, C
D
23 are assumed to be constant.

2.3. Force transmissibility of the two-degree-of-
freedom floating vibration isolator (TDOFFVI)

Force transmissibility is used to assess the efficiency of
vibration isolation. An excitation force can be
expressed in the complex form

Fex ¼ Fexj je
i!t ð21Þ

The forces transferred to the base through the isola-
tion system (Ftr) then consist of the forces acting on the
larger fluid container by the fluid and springs, which
can be expressed as

Ftr ¼
�

2

d2h023
dt2

WL3
2

6h23
þ
WH2L

2
2

w23

� �
þ Ke

23h
0
23 þ CD

23

dh023
dt

ð22Þ

Substituting the excitation force (21) into equation
(20), leads to the complex expression of dynamic
response h023 in the steady state

h023 ¼

m12

m22

!2
12

!2
22

1� !2

!2
12

� �
þ 2i�12

m11

m22

!2
11

!2
22

!
!11

�rþ 2i�i

Famp
ex ei!t

m11!2
11

,

�r ¼ 1�
!2

!2
11

� �
1�

!2

!2
22

� �
þ
m21

m11

m12

m22

!2
12

!2
22

!2

!2
11

!2

!2
12

� 1

� �

� 4�12�23
!

!11

!

!22
,

�i ¼ �23
!

!22
1�

!2

!2
11

� �
þ �12

!

!11
1�

!2

!2
22

� �

� �12
m21

m22

!

!11

!2

!2
22

,

!2
12 ¼

Ke
12

m12
, !2

11 ¼
Ke

12

m11
, !2

22 ¼
Ke

23

m22
,

�12 ¼
CD

12

2m11!11
, �23 ¼

CD
23

2m22!22
ð23Þ

where !12 is one of the anti-resonance frequencies of
the TDOFFVI corresponding to the balance of the
inertia force induced by the moving fluid and spring
force between the floating body and the smaller
fluid container, �12 and �23 are the non-dimensional
damping coefficients. Substituting (23) into (22),
gives the complex expression of the transmitted
force Ftr as

Ftr ¼ 1�
!2

!2
23

� �
þ 2i�23

m22

m23

!22

!23

!

!23

� �

�
1� !2

!2
12

� �
þ 2i�12

!
!11

�r þ 2i�i
Fexj je

i!t

m23 ¼
�

2

WL3
2

6h023
þ
WH2L

2
2

w23

� �
, !2

23 ¼
Ke

23

m23

ð24Þ

where !23 is the other anti-resonance frequency of the
TDOFFVI corresponding to the balance of inertia
force induced by the moving fluid and spring force
between the smaller fluid container and the larger
fluid container. The force transmissibility of the isola-
tion system is defined as

TA ¼
Ftrj j

Fexj j
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

!2

!2
23

� �2

þ 2�23
m22

m23

!22

!23

!

!23

� �2
s

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !2

!2
12

� �2
þ 2�12

!
!11

� �2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

r þ ð2�iÞ
2

q ð25Þ

From the force transmissibility, the TDOFFVI has
two anti-resonance frequencies (!12 and !23) with nat-
ural frequencies that are the most important factors to
affect the force transmissibility. According to (25), the
force transmissibility can tend to zero as the excitation
frequencies are close to the anti-resonance frequencies
in the absence of damping (ignoring the fluid viscosity).
Note that the anti-resonance frequencies of the
TDOFFVI can be adjusted by changing the values of
H0

1,H
0
2, which stand for height levels of fluid filled in the

two containers at the equilibrium state. There are also
two natural frequencies of the TDOFFVI, which can be
obtained by letting �r ¼ 0. The variation of the
TDOFFVI force transmissibility with excitation
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frequencies for different values of !12 and !23 is shown
in Figure 2.

The frequencies at the two minimum values of the
force transmissibility exactly correspond to the two
anti-resonance frequencies of the TDOFFVI. The two
maximum values of the force transmissibility corres-
pond to the two natural frequencies of the TDOFFVI.
The fluid levels of H0

1, H0
2 can be adjusted in the con-

tainers to tune the two anti-resonance frequencies of the
TDOFFVI as required. When the two anti-resonance
frequencies are tuned to the two excitation frequencies
respectively, the force transmissibility can be greatly
reduced. Apart from adjusting the fluid levels, the gap
parameters w12,w23 can also be used to tune the anti-
resonance frequencies. Since the gap parameters can be
designed in desirable small dimensions, very low anti-
resonance frequencies of the TDOFFVI can be
obtained. Thus the TDOFFVI can be used to isolate
vibrations at two excitation frequencies simultaneously.

3. Design optimization of the
two-degree-of-freedom floating
vibration isolator (TDOFFVI)

A desirable vibration isolator should be one that pos-
sesses a low force transmissibility with small static deflec-
tion and little mass. The TDOFFVI can perform highly
effective vibration attenuation when the anti-resonance
frequencies exactly match with the excitation frequen-
cies. To achieve this condition, it requires an optimal
design of the design variables for the best performance.

The static deflection of the TDOFFVI is determined
by the effective stiffness

�s ¼
Fs

Ke
ð26Þ

where Fs is the static force acting on the floating body,
�s the static displacement of the floating body.
The effective stiffness of the TDOFFVI can be
obtained by

1

Ke
¼

1

Ke
12

þ
1

Ke
23

ð27Þ

The mass of the TDOFFVI is the sum of the mass of
the floating body and the mass of the smaller fluid con-
tainer, approximately

Me ¼M1 þM2 ð28Þ

It is known from (25) that the force transmissibility
of TDOFFVI depends on m11, m12, m21, m22, m23,
!,!12, !23, K

e
12, Ke

23, �12, �23. In order to isolate lower
frequency vibration, the design of h023 � L2,
h012 � L1 5L2, w23 � L2, H0

1 5H0
2 is adopted, which

gives m22 �M2 þm23. As the weight of the floating
body is mainly balanced by springs, m21 �M1. It is
known from (20) that m11 ¼M1 þm12. The value of
m12,m23 can be expressed as m12 ¼ Ke

12=!
2
12, m23 ¼

Ke
23=!

2
23. Thus the force transmissibility of TDOFFVI

can be expressed by the function of Me,Ke,
M1=M2,K

e
12=K

e
23, �12, �23,!,!12,!23

TA ¼ f Me,Ke,M1=M2,K
e
12=K

e
23, �12, �23,!,!12,!23

� �
ð29Þ

Choosing Me and Ke as characteristic variables, (29)
can be written as the following dimensionless form by
the Buckingham � theorem

TA ¼ f M1=M2,K
e
12=K

e
23, �12, �23,!=!n,!12=!n,!23=!n

� �
ð30Þ

Figure 2. Variations of the two-degree-of-freedom floating vibration isolator (TDOFFVI) force transmissibility with excitation

frequency, where Ke
12=K

e
23 ¼ 1, �12 ¼ �23 ¼ 0:01, m11=m12 ¼ 2:5, m22=m23 ¼ 1:5.
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where !n is defined as

!n ¼

ffiffiffiffiffiffiffi
Ke

Me

r
ð31Þ

The effects of M1=M2, K
e
12=K

e
23, �12 and �23 on the

isolation performance of the TDOFFVI are discussed
in this paper.

As other design variables are fixed, the variation of
the TDOFFVI force transmissibility with dimensionless
excitation frequency !=!n for different values of
M1=M2 is shown in Figure 3. It is shown that the
ratio of M1=M2 mainly affects the values of the
second peak and trough (or valley) that correspond to
the resonance and anti-resonance frequency of the
floating body. It implies that the selection of the ratio
of M1=M2 hardly influences the first resonance and the

first anti-resonance frequency which is related to the
small container.

Figure 4 plots the variation of force transmissibility
at the first anti-resonance frequency (! ¼ !23 ¼ 0:5!n)
and the second anti-resonance frequency (! ¼ !12 ¼

!n) against M1=M2. This plot indicates that the force
transmissibility at the second anti-resonance frequency
(! ¼ !12 ¼ !n) decreases sharply and then tends to flat-
ten out with the increase ofM1=M2, while the change of
M1=M2 does not overly affect the force transmissibility
at the first anti-resonance frequency ! ¼ !23 ¼ 0:5!n.
The reason for this could be that at ! ¼ !12, the exci-
tation force is mainly balanced by the inertia force due
to the acceleration of the floating body. As M1=M2

increases, the acceleration amplitude of the floating
body can decrease, which leads to the decrease of
force transmissibility. At ! ¼ !23, the excitation force

Figure 3. Variations of the two-degree-of-freedom floating vibration isolator (TDOFFVI) force transmissibility with dimensionless

excitation frequency for different values of M1=M2, Ke
12=K

e
23 ¼ 2, �12 ¼ �23 ¼ 0:01,!23 ¼ 0:5!n,!12 ¼ !n.

Figure 4. Variations of the two-degree-of-freedom floating vibration isolator (TDOFFVI) force transmissibility at anti-resonance

frequency with the change of the ratio M1=M2, with Ke
12=K

e
23 ¼ 2, �12 ¼ �23 ¼ 0:01.
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is mainly balanced by the inertia force of the floating
body and the smaller fluid container. The value of
M1=M2 does not affect the total mass of the floating
body and the smaller fluid container, so the force trans-
missibility remains almost constant as M1=M2 varies.
Thus, the ratio of M1=M2 can be designed to control
the force transmissibility of the TDOFFVI around the
second anti-resonance frequency (! ¼ !12).

The effect of the different stiffness ratios of Ke
12=K

e
23

on the force transmissibility of the TDOFFVI against
!=!n is shown in Figure 5. It shows that the ratio of
Ke

12=K
e
23 can clearly alter the resonance peaks but it

does not shift the anti-resonance frequencies. Figure 6
plots the variation of force transmissibility at the first
anti-resonance frequency (! ¼ !23 ¼ 0:5!n) and the
second anti-resonance frequency (! ¼ !12 ¼ !n) with
Ke

12=K
e
23. The broken line shows that increasing

Ke
12=K

e
23 can linearly increase the force transmissibility

at the second anti-resonance frequency, but sharply and
nonlinearly decrease it at the first anti-resonance fre-
quency. It reveals a useful clue that the value of
Ke

12=K
e
23 at which the two curves intersect may be

adopted for an unbiased design in terms of
transmissibility.

The behavior of the TDOFFVI is also affected by
two damping coefficients �12 and �23, which mainly
depend on the viscous dissipation of the fluid in
between the containers. Figure 7 shows the variation
of force transmissibility with !=!n for different values
of �12 and �23. It indicates that �12 and �23 affect the
force transmissibility at ! ¼ !12 and ! ¼ !23 respect-
ively. Decreasing the value of �12 can decrease the force
transmissibility at ! ¼ !12, while it has little effect on
the force transmissibility at ! ¼ !23. Decreasing the
value of �12 can decrease the force transmissibility
only at ! ¼ !23. The effect of the damping coefficients

Figure 5. Variations of the two-degree-of-freedom floating vibration isolator (TDOFFVI) force transmissibility with dimensionless

excitation frequency for different values of Ke
12=K

e
23, when M1=M2 ¼ 9, �12 ¼ �23 ¼ 0:01,!23 ¼ 0:5!n,!12 ¼ !n.
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Figure 7. Variations of the two-degree-of-freedom floating vibration isolator (TDOFFVI) force transmissibility with dimensionless

excitation frequency for different values of �12 and �23, when M1=M2 ¼ 9, Ke
12=K

e
23 ¼ 2, !23 ¼ 0:5!n,!12 ¼ !n.

Figure 6. Variations of the two-degree-of-freedom floating vibration isolator (TDOFFVI) force transmissibility at anti-resonance

frequency with Ke
12=K

e
23, when M1=M2 ¼ 9, �12 ¼ �23 ¼ 0:01.
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�12 and �23 on the force transmissibility is rather loca-
lized and independent of each other. Due to the values
of �12 and �23 being reduced by decreasing the fluid
viscous dissipation, using the fluid with small viscosity
is beneficial to obtain lower force transmissibility at
anti-resonance frequency.

4. Comparison of the two-degree-of-
freedom floating vibration isolator
(TDOFFVI) with the single-degree-
of-freedom floating vibration isolator
(SDOFFVI)

In order to obtain a better understanding of the
TDOFFVI performance, the force transmissibility for
one- and two-frequency vibration is estimated and
compared with that of the SDOFFVI (Liu et al.,
2012) under the identical conditions of the effective
stiffness, mass and damping coefficient of the two

systems. The effective stiffness and mass of the
TDOFFVI have been discussed in Section 3. The effect-
ive stiffness of the SDOFFVI is the stiffness of springs
between the floating body and fluid container, and the
mass of the SDOFFVI equals the floating body mass
approximately. Both �12 and �23 are equal to the damp-
ing coefficient of the SDOFFVI, which is denoted by �.

As the TDOFFVI is used to tackle a single-
frequency vibration, the two anti-resonance frequencies
of the TDOFFVI can be adjusted to be identical sim-
ultaneously. As the two anti-resonance frequencies of
the TDOFFVI coincide, the force transmissibility at the
anti-resonance frequency can be reduced even lower.
Figure 8(a) shows the curve of the force transmissibility
of the TDOFFVI and the SDOFFVI versus excitation
frequency under the condition of !12 ¼ !23 ¼ !a,
where !a is the anti-resonance frequency of the
SDOFFVI. It shows that the force transmissibility at
anti-resonance frequency of the TDOFFVI is much
lower than that of the SDOFFVI. The reason for this

Figure 8. The plot of the force transmissibility of the two-degree-of-freedom floating vibration isolator (TDOFFVI) and

single-degree-of-freedom floating vibration isolator (SDOFFVI) versus excitation frequency, M1=M2 ¼ 9, �12 ¼ �23 ¼ � ¼ 0:01,

(a) Ke
12=K

e
23 ¼ 2,!23 ¼ !12 ¼ !a, (b) Ke

12=K
e
23 ¼ 8, !12 4!23 ¼ !a.
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excellent performance is as follows. The amplitude of
the force of the floating body transmitted to the smaller
fluid container can be calculated by

F12j j ¼ T12 Fexj j ð32Þ

where T12 is the force transmissibility from the floating
body to the smaller fluid container.

Then this force is transmitted from the smaller con-
tainer to larger fluid container (and then the base) via
springs and fluid, the amplitude of the transmitted force
Ftrj j can be calculated by

Ftrj j ¼ T23 F12j j ð33Þ

where T23 is the force transmissibility from the smaller
fluid container to the base. According to (30) and (31),
the total force transmissibility of the TDOFFVI can be
expressed by

TA ¼ T12T23 ð34Þ

If ! ¼ !21 ¼ !23, the values of T12 and T23 become
equal (T12 � T23 � 1) where the value of T12 equals
the force transmissibility of the SDOFFVI approxi-
mately. Thus the force transmissibility TA ¼ T2

12 of
the TDOFFVI is much lower than T12 of the
SDOFFVI as ! ¼ !a ¼ !12 ¼ !23.

For general cases, the TDOFFVI can cope with two
excitation frequencies. The curve of the force transmis-
sibility of the TDOFFVI and SDOFFVI versus excita-
tion frequency under the condition of !12 4!23 ¼ !a is
depicted in Figure 8(b). At ! ¼ !23 ¼ !a, the force
transmissibility of the TDOFFVI is almost the same as

that of the SDOFFVI, while at ! ¼ !12, the force trans-
missibility of the TDOFFVI is much lower than that of
SDOFFVI. Machinery vibrations usually possess multi-
frequency features observed from line spectra in a fre-
quency domain. The design of the TDOFFVI thus serves
as a simple model to cope with multi-frequency vibra-
tions with excellent isolation performance.

5. Experiment verifications

A physical prototype of the vibration isolator (see in
Figure 9) was designed and built for an experimental
study. The floating body, smaller fluid container and
larger fluid container of the isolator are made of per-
spex. The structure dimensions and design parameters
of the TDOFFVI are given in Table 1. A force sensor
(denoted as S1) was mounted in between the actuator
and the floating body to measure the amplitude of the
excitation force Fex. The whole isolation system is sup-
ported by a force sensor (denoted as S2) and three per-
spex cylinders which have the same size as the force
sensor S2. The same type force sensors (PCB 208C02,
PCB Group Inc.) are used as S1 and S2. The four sup-
port points on the base are symmetrically distributed at
the four corners of the TDOFFVI so that the force
transmitted from each support can be regarded as
being the same. Therefore, the total transmitted force
from the TDOFFVI to the rigid base is four times of
the force measured by the force sensor S2.

The floating body was harmonically excited by the
actuator (HEV-200, Nanjing University of Aeronautics
and Astronautics) within a frequency range from 0.2 to
50Hz. The MI-7008 data acquisition and analysis
system (Econ Technologies Co. Ltd.) was used to

Figure 9. Prototype of the two-degree-of-freedom floating vibration isolator (TDOFFVI) and the force sensors used in experiments.
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Figure 10. The time history of the excitation force measured by sensor S1 and the transmitted force to the base measured by

sensor S2; the excitation frequency is 10.3 Hz, the excitation amplitude is 66 N.

Figure 11. The line spectra of the excitation force measured by sensor S1 and the transmitted force to the base measured by sensor

S2, the excitation frequency is 10.3 Hz, the excitation force amplitude is 66 N.

Table 1. The main dimensions and parameters of the two-degree-of-freedom floating vibration isolator.

L1 Length of the floating body 200 mm

L2 Length of the smaller fluid container 300 mm

W Width of the floating body 300 mm

w12 Horizontal gap between the floating body and the smaller fluid container 40 mm

w23 Horizontal gap between the smaller fluid container and the larger fluid container 40 mm

h12 Vertical gap between the bottom of floating body and the smaller fluid container’s cavity 100 mm

h23 Vertical gap between the bottoms of smaller fluid container and the larger fluid container’s cavity 100 mm

M1 Mass of the floating body 30 kg

M2 Mass of the smaller fluid container 9 kg

k12 Stiffness of springs separating the floating body from the smaller fluid container 112.1 kN/m

k23 Stiffness of springs separating the smaller fluid container from the larger fluid container 98.3 kN/m
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collect signals produced by force sensors S1 and S2. A
160 dB/Oct digital filter was integrated in MI-7008
system. In the experiments, the cut off frequency was
set to be 50Hz. Figure 10 shows an experimental record
where the excitation force is 66N and the excitation
frequency is 10.3Hz which is regarded as a fundamen-
tal frequency. Two anti-resonances of the TDOFFVI
were adjusted to 6.3Hz and 10.8Hz respectively. The
time history of the forces measured by S1 (excitation
force) and S2 (transmitted force on the base), which are
denoted as FS1 (t) and FS2 (t) respectively, were shown

in Figure 10. It is seen that the force transmitted to the
base is much smaller than the excitation force.

The frequency spectrum of FS2 (t) (see in Figure 11)
is obtained by performing a fast Fourier transform
(FFT). The spikes of line spectra observed at the mul-
tiple of the excitation frequency indicate the existence
of higher frequency oscillations for the TDOFFVI. It is
probably induced by fluid fluctuations in between the
two containers or the nonlinear effects. In this paper,
the authors focused on the force transmissibility at exci-
tation frequency, and the amplitude of fundamental

Figure 12. Variation of force transmissibility with excitation frequency for theoretical and experimental results.

(a)!23=2� ¼ 6:3Hz, !12=2� ¼ 9:6Hz, �12 ¼ 0:1, �23 ¼ 0:07, (b) !23=2� ¼ 6:3Hz, !12=2� ¼ 10:8Hz, �12 ¼ 0:07, �23 ¼ 0:065,

(c)!23=2� ¼ !12=2� ¼ 9:4Hz, �12 ¼ 0:08, �23 ¼ 0:08.
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vibration of FS2 (t) (denoted by AS2) was used to cal-
culate the force transmissibility

TA ¼
4AS2

Fexj j
ð35Þ

where Fexj j is the amplitude of excitation force. It can
be seen that the transmitted force at excitation fre-
quency is reduced significantly as the excitation fre-
quency approaches one of the anti-resonances of the
TDOFFVI.

In a series of experiments, values of H0
1,H

0
2 were

adjusted to change the anti-resonance frequencies !12,
!23. The response of TDOFFVI under the sine excita-
tions with a series of frequencies (sine sweep) was mea-
sured. The experiment for each frequency was repeated
three times and the force transmissibility obtained at
three times was averaged. Thus the force transmissibil-
ity of TDOFFVI at a series of frequencies was given.
Figure 12 shows the variations of the TDOFFVI force
transmissibility with excitation frequency for different
anti-resonance frequencies (for both experiment and
theory). For the calculation of force transmissibility
of the TDOFFVI theoretically, the damping coefficients
�12, �23 have to be available. It is difficult to obtain the
values of �12, �23 theoretically. In this paper, the values
of �12, �23 are tuned to match the theoretical amplitudes
with the experimental one. For different cases, the
values of �12, �23 obtained by matching are not the
same. However, they are confined to the range from
0.065 to 0.1. For all studied cases, the variation trend
of the force transmissibility with excitation frequency
given by theoretical analysis generally agrees with that
observed in experiments and the two anti-resonance
frequencies predicted by theory can roughly match
the experimental results.

6. Conclusions

A novel two-degree-of-freedom floating vibration isola-
tion system has been developed based on an anti-reson-
ance mechanism. It was designed with two tunable anti-
resonance frequencies able to attenuate two
frequency vibrations. The technique of adjusting
anti-resonance frequencies was addressed and the char-
acteristics of the isolation system were theoretically ana-
lyzed. Further, the optimal design of the system was
discussed where the effect of the ratios of M1=M2,
Ke

12=K
e
23 and the damping coefficients of the system on

the isolation performance were stated. The TDOFFVI
can also be employed to cover single-frequency vibra-
tion problems with the two anti-resonance frequencies
tuned to be identical. In numerical comparisons, the

TDOFFVI greatly outperforms a previous SDOFFVI,
due to its double-layer isolation design. An actual
experimental prototype was built and tested to verify
the vibration isolation performance. A series of experi-
ments were carried out for three cases. The theoretical
and experimental results were generally well in
agreement.
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Notation

ai acceleration of i
CD

ij damping coefficient versus the relative
motion of i to j

fDij contribution of fluid viscosity to pij
Fexj j amplitude of excitation force
Ff
i force acting on i by fluid

Fs
i force acting on i by springs

Fex excitation force
Fs static force acting on the floating body
Ftr forces transferred to the base by the

isolation system
hij vertical gap between the bottoms of i

and cavity of j
h0ij value of hij at the equilibrium
h0ij deviation of hij from the static equili-

brium position
hf vertical distance of a point in the fluid

from the free surface
Hi immersion depth of i
H0

i value of Hi at the equilibrium
kij stiffness of springs that separate i

from j
Ke

ij effective stiffness versus the relative
displacement of i to j

Ke effective stiffness of the vibration
isolator

Li length of immersed part of i
mij Added mass induced by moving fluid

between i and j
Me effective mass of the vibration isolator
Mi mass of i

MDOFFVI Multi-degree-of-freedom floating
vibration isolator

pij pressure of fluid between i and j
pr pressure obtained in the inertial coor-

dinate system
p0 pressure induced by the acceleration of

coordinate system
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SDOFFVI single-degree-of-freedom floating

vibration isolator
TA force transmissibility of the vibration

isolation system
TDOFFVI two-degree-of-freedom floating vibra-

tion isolator
Uij velocity of i relative to j
wij horizontal gap between i and j
W width of the floating body
�ij non-dimensional damping coefficient

versus the relative motion of i to j
! angular frequency of the excitation

force
!a anti-resonance frequency of the

SDOFFVI
!n characteristic frequency
!ij anti-resonance frequency of the

TDOFFVI corresponding to the bal-

ance of inertia force induced by the

moving fluid and spring force between

i and j
� density of the fluid

�s static displacement of the floating

body

Subscripts

1 floating body
2 smaller fluid container
3 larger fluid container
ex excitation

Superscripts

0 equilibrium
D Damping
e Effective
f Fluid
s Spring
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