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A platform supported by a hexapod of quasi-zero-stiffness (QZS)
struts is proposed to provide a solution for low-frequency vibra-
tion isolation in six degrees-of-freedom (6DOFs). The QZS strut is
developed by combining a pair of mutually repelling permanent
magnets in parallel connection with a coil spring. Dynamic analy-
sis of the 6DOFs QZS platform is carried out to obtain dynamic
responses by using the harmonic balance method, and the vibra-
tion isolation performance in each DOF is evaluated in terms of
force/moment transmissibility, which indicates that the QZS plat-
form perform a good function of low-frequency vibration isolation
within broad bandwidth, and has notable advantages over its
linear counterpart in all 6DOFs. [DOI: 10.1115/1.4035715]

1 Introduction

The technique of passive vibration isolation is widely applied
to mitigate the transmission of vibratory forces to the base or dis-
turbances to the payload in a large number of engineering areas
[1]. However, the traditional passive isolator with linear stiffness
is effective only when its natural frequency is well below the
excitation frequency. For very low excitation frequency, a soft
resilient element is needed to lower its natural frequency, but it

would experience excessive static deflection leading to degrada-
tion and even failure of the system. Therefore, how to achieve
very low-frequency isolation is still a popular and open research
topic.

Recently, one category of QZS isolator [2] has attracted more
and more attention, due to its high static but low dynamic
stiffness. The key issue of designing a QZS isolator is to establish
compact and reliable negative-stiffness (NS) mechanisms.
There exist many potential design concepts of NS mechanisms:
oblique springs [3–5], oblique linkages connecting horizontal
springs [6], cam-roller-spring mechanisms [7], bi-stable structures
[8], scissor-like platforms [9], and magnetic springs [10,11].
Nearly all the theoretical and experimental studies show their
capabilities in low-frequency vibration isolation and advantages
over their linear counterparts.

Nevertheless, most QZS isolators are developed for vibration
isolation in the vertical translational direction. In practice, excita-
tions acting on the payload are aroused from the on-board
machine in multiple directions rather than sole direction. To deal
with multidirection excitations, one possible solution is to arrange
multiple QZS isolators in the excitation directions, but this is not
an ideal method, because of the requirement on structural simplic-
ity and space-restrictive packaging. Therefore, a multi-DOF QZS
isolator with compact and simple mechanisms or structures is
needed to provide a feasible solution to this issue.

Stewart platforms, using six variable active legs to connect a
movable plate to a fixed base, have been widely used as 6DOFs
motion generators (e.g., flight simulator) [12], 6DOFs parallel
manipulators [13], and active vibration isolators [14]. Considering
the advantages of Stewart platforms in structural compactness and
simplicity and 6DOFs positioning capabilities, replacing the legs
by QZS struts to form a purely passive 6DOFs-QZS vibration iso-
lation platform would be a potential solution to multidirection
vibration isolation [15,16], with the characteristics of no-power
consumption and reliability.

The aim of the present work is to develop a QZS strut as the leg
of a Stewart platform to construct a 6DOFs-QZS vibration isola-
tion platform. The QZS strut is devised by combining a pair of
mutually repelling permanent magnets in parallel connection with
a coil spring. To derive concise kinematics and dynamic relation-
ships, a cubic configuration of the arrangement of struts is adopted
following Geng and Haynes [14]. The effectiveness of vibration
isolation is estimated in terms of force/moment transmissibility in
all six directions, and compared with its linear counterpart to
reveal its advantages.

2 Conceptual Model of the Six Degrees-of-Freedom

Quasi-Zero-Stiffness Platform

The schematic diagram of the 6DOFs-QZS vibration isolation
platform is shown in Fig. 1(a). The payload plate is supported by
six QZS struts. A payload, assumed to be a rigid cylinder, is fixed
on the top plate. The symmetric axis of the payload coincides
with the vertical axis of the whole platform. Connecting points
and QZS struts are marked by numbers without and with circles,
respectively. The origin of the coordinate system is located on the
centroid of the payload (including the payload plate).

Quasi-zero-stiffness struts are arranged in a cubic configura-
tion, as shown in Fig. 1(b), and the adjacent pair of struts are
perpendicular to each other. Physical models of connecting
points are not depicted in this schematic diagram. Theoretically,
they are assumed to be ideal ball joints, and thus, the bending of
the strut can be neglected, and only the axial deformation is
considered.

The schematic diagram of the magnetic QZS strut is shown in
Fig. 1(c). Inner ring permanent magnet (5) with inner radius R is
fixed on rod (1) by two locking nuts (10). The rod can only slide
along the axial direction guided by two linear bearings (2). Outer
ring permanent magnet (4) is fixed on sleeve (3) by four symmet-
rically distributed fastening bolts (11). Both permanent magnets
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have identical width l and height h, as well as the same axial mag-
netization direction, and the air gap between two magnets is g.

Under a payload, the strut arrives at the static equilibrium posi-
tion, and the inner magnet (5) aligns in parallel with the outer
magnet (4). This configuration can serve as a radial permanent
magnet bearing with mutually repelling feature, which has radial
stable positive stiffness but axial negative stiffness near the equi-
librium position [17]. Therefore, a pair of permanent magnets
with mutually repelling feature can be utilized as a negative-
stiffness mechanism [10,11] to construct a QZS strut.

A coil spring (6) with stiffness kv acts as the positive stiffness
element to neutralize the negative stiffness, and thus, achieve a
stable QZS stiffness. A chuck (8) is fixed on one end of rod (1) to
lock the coil spring. To handle different amounts of the payload, a
precompression adjustor (7) with screw threads is setup between
two segments of the sleeve (3). To assemble a vibration isolation
platform by using the QZS struts, ball joints (9) are set at two
ends of the strut. The stiffness of the rod is much larger than that
of coil spring so that the rod is assumed to be rigid.

When an additional axial force f is acting on the rod along the
axial direction, a resultant axial deformation x will occur. By
using the nondimensional terms �x ¼ x=R and �f ¼ f=ðkvRÞ, the
relationship between �f and �x can be expressed as

�f ¼ �x � �f m ¼ �x � a½2�/ð�xÞ � �/ð�x þ �hÞ � �/ð�x � �hÞ� (1)

where �f m is the repelling magnetic force [18], and

�/ að Þ ¼ 2�l þ �g
� �
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and a ¼ ðr2RmÞ=ðl0kvÞ, where r ¼ J � n is magnetic pole surface
density, J is the magnetic polarization vector, and n is the
unit normal vector; l0 is the permeability of the vacuum;
Rm ¼ Rþ lþ g=2 is average radius of the inner and outer
permanent magnets. Let d�f =d�x ¼ 0 at �x ¼ 0, and one can get the
zero-stiffness condition
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By substituting the above equation into Eq. (1), the restoring
force of the QZS strut can be given by

�fQZS ¼ �x � aQZS½2�/ð�xÞ � �/ð�x þ �hÞ � �/ð�x � �hÞ� (4)

To simplify the following dynamic analysis of the platform, the
restoring force is approximated as a polinomial to achieve a con-
cise expression with enough accuracy, as illustrated in Fig. 2,
when aQZS ¼ 0:1451, �g ¼ 1, �h ¼ 5, �l ¼ 2, and R ¼ 10 mm. It can
be seen that the third-order polynomial fitting matches the exact
relationship well, and thus, the restoring force �f QZS can be
approximated as

�f
a

QZSð�xÞ ¼ c�x3 (5)

3 Transmissibility of the Six Degrees-of-Freedom

Quasi-Zero-Stiffness Platform

The equations of motion of the QZS platform system can be
given by

M€u þKu ¼ F (6)

where

M ¼ diag½m; m; m; Ix; Iy; Iz�; u ¼ fx; y; z; hx; hy; hzgT;

K ¼ 0; F ¼ Ft � FR

FR ¼ fFxðuÞ; FyðuÞ; FzðuÞ; MxðuÞ; MyðuÞ; MzðuÞgT

Ft ¼ F0 cos xt ¼ fFx0; Fy0;Fz0; Mx0; My0;Mz0gT
cos xt (7)

where FR is the restoring force of the QZS platform as a function
of displacement u, which can be obtained by static analysis of the
platform; m is the mass of the payload (including payload plate); I
is the moment of inertia of the payload; All the excitations are
harmonic, and F0 is the amplitude of the excitation. Since there is
only a cubic term in the restoring force of the QZS strut (Eq. (5)),
the linear term in the equations of motion is zero, and thus,
K ¼ 0.

By using the following nondimensional terms

�x ¼ x

R
; xnz ¼

ffiffiffiffiffiffiffi
2kv

m

r
; �t ¼ xnzt; X ¼ x

xnz
;

�F ¼ F

2kvR
; �M ¼ M

2kvR2�I
; �I ¼ I

mR2

(8)

and including an equivalent linear viscous damping to account for
dissipative terms, the equations of motion can be rewritten as

�u00 þ 2f�u0 þ �K�u ¼ �F (9)

Fig. 1 Schematic diagram of the 6DOFs-QZS vibration isola-
tion platform. (a) three-dimensional model, (b) arrangement of
connecting points and QZS struts, and (c) QZS strut at the equi-
librium position.

Fig. 2 (a) Force and (b) stiffness versus displacement relation-
ships of the QZS strut
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where ðÞ0 ¼ dðÞ=d�t, and

�u ¼ f�x; �y; �z; hx; hy; hzgT; f ¼ diag½f1; f2; f3; f4; f5; f6�;
�K ¼ 0; �F ¼ �Ft � �FR (10)

The first approximation of the primary resonance is obtained by
using the Harmonic Balance method. The fundamental responses
are assumed to be

�u ¼ �U1 cos X�t þ �U2 sin X�t

�U1 ¼ fX1; Y1; Z1;Hx1; Hy1; Hz1gT;

�U2 ¼ fX2; Y2; Z2;Hx2; Hy2; Hz2gT

(11)

Substituting Eq. (11) into Eq. (9) results in

�X2ð�U1 cos X�t þ �U2 sin X�tÞ � 2Xfð�U1 sin X�t � �U2 cos X�tÞ
þ �FRð�uÞ ¼ �F0 cos X�t (12)

By ignoring the high-order harmonic terms, �FRð�uÞ can be
approximated as

�FRð�uÞ � �CR1 cos X�t þ �CR2 sin X�t (13)

where �CR1 and �CR2 are functions of �U1 and �U2, and independent
of time �t. By equating coefficients of cos X�t and sin X�t in
Eq. (12), the amplitude-frequency equations can be given by

�X2 �U1 þ 2Xf�U2 þ �CR1 ¼ �F0

�X2 �U2 � 2Xf�U1 þ �CR2 ¼ 0

(
(14)

The above equation are third-order nonlinear algebraic equations
of displacement amplitudes �U1 and �U2, which can be solved
numerically.

The forces/moments transmitted to the base can be given by

�FT ¼ 2f�u 0 þ �FRð�uÞ
� �2Xfð�U1 sin X�t � �U2 cos X�tÞ þ ð�CR1 cos X�t þ �CR2 sin X�tÞ
¼ ð�CR1 þ 2Xf�U2Þcos X�t þ ð�CR2 � 2Xf�U1Þsin X�t

¢ð�F0 þ X2 �U1Þcos X�t þ X2 �U2 sin X�t (15)

The force/moment transmissibility is defined as the ratio of the
amplitude of the transmitted force/moment to that of the excita-
tion in the form of decibel

T ið Þ ¼ 20 log10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�F0 ið Þ þ X2 �U1 ið Þ
� �2 þ X2 �U2 ið Þ

� �2q
�F0 ið Þ

i ¼ 1 � 6ð Þ

(16)

where T ¼ fTFx
; TFy

; TFz
; TMx

; TMy
; TMz

gT
represents transmissi-

bility along each direction, which is utilized to evaluate the
vibration isolation performance in each DOF.

The analytical transmissibility is verified by a numerical analy-
sis, which are defined in statistic form as the ratio of root-mean-
square (RMS) of the transmitted force/moment to that of the
excitation [7], i.e.,

TNS ¼ 20 log10

RMS �FT �tið Þ
� �

RMS �F �tið Þ
� �

 !
(17)

where �FTð�tiÞ and �Fð�tiÞ are time histories of the transmitted force/
moment and the excitation in each DOF, respectively, and �FTð�tiÞ
is calculated based on the responses which is obtained by solving
the equations of motion using Runge-Kutta algorithm.

To illustrate the vibration isolation performance, parameters of
the platform listed in Table 1 are used, where �L is the length of

the strut, and �Zc is the distance from the centroid of the payload to
the center of the payload plate. The amplitudes of excitation
forces are selected as g ¼ 1% of the payload weight (later on
g ¼ 10% will be considered), and three forces acting at an off-
center location (e ¼ 10% of the radius of gyration with respect to
z axis of the payload) yield three excitation moments, which are
summarized in Table 2. Note that the actual damping needs to be
determined by experimental tests on a physical prototype of this
platform. To reveal the effectiveness of this new platform, an
equivalent constant viscous damping is adopted based on our pre-
vious experimental tests on different kinds of QZS isolators [5–7].
Additionally, the effects of damping on transmissibility will be
discussed in Sec. 4.

Transmissibility in 6DOFs compared with its linear counterpart
is depicted in Fig. 3. Note that the linear counterpart is constructed
by removing all negative-stiffness mechanisms (permanent
magnets). Analytical results are validated by numerical simula-
tions with both forward and backward frequency sweeps. There
exists a very good agreement between the analytical and numeri-
cal results. Jump phenomenon is not observed due to the weak
steady-state oscillations under small excitations and compara-
tively heavy damping.

For the linear system, there are two peaks in two in-plane
translational and two out-of-plane rotational DOFs due to the stiff-
ness coupling effects, and antiresonance of TMx occurs at a low
frequency. In contrast, for the QZS system, no resonant peak is
observed on each transmissibility curve of three translational
DOFs, and a single slight resonant peak at ultra-low frequencies
occurs on each curve of three rotational DOFs.

Most importantly, the ultra-low stiffness leads to a super
vibration isolation performance. It is obvious that almost in the
whole frequency range the QZS platform is effective for vibration
isolation in all 6DOFs, except only at ultra-low frequencies. The
transmissibility of the QZS platform is much lower than its linear
counterpart; especially for rotational DOFs the advantage is more
notable, which reveals superiorities of the QZS platform over its
linear counterpart.

4 Effects of Damping and Excitation Amplitude

Generally, transmissibility is dependent on the level of damping
and excitation. The multivalued feature of nonlinear dynamic sys-
tems also can be affected by these two parameters. Effects of
damping on transmissibility are depicted in Fig. 4, where two
cases of the light (f ¼ 0:01) and heavy (f ¼ 0:1) damping are
considered. Only transmissibility of TFz

and TMz
are presented for

the sake of brevity, and the effects of damping on transmissibility
in other DOFs are similar to those presented in Fig. 4.

In the case of light damping, the nonlinear multivalued charac-
teristics are activated. There exist three solutions of transmissibil-
ity TFz

in a certain frequency range, among which two solutions
are stable, and the third one is unstable, as illustrated in Fig. 4(a).
For TMz

, a bubble (named after its shape), namely, a closed
detached resonance curve, is formed (Fig. 4(b)). Furthermore, the
stiffness coupling effects of the QZS system are also activated in

Table 1 Parameters of the platform

Parameter �L �Zc
�Ix

�Iy
�I z m

Value 35 5 57.33 57.33 98 30 kg

Table 2 Amplitudes of the excitations (31025) and damping
ratios

Parameter �Fx0
�Fy0

�Fz0
�Mx0

�My0
�Mz0 fi; i ¼ 1 � 6

Value 60.773 60.773 60.773 1.4840 1.4840 0.86820 0.1
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such situations, resulting in two peaks on transmissibility curves
of the rotational DOF, as shown in Fig. 4(b). Therefore, heavy
damping can be utilized to suppress resonance, mitigate the
stiffness coupling effects, and avoid complicated dynamic behav-
iors, such as multivalued solutions.

However, due to the inherent characteristics of vibration isola-
tion system, heavy damping would degrade the vibration isolation
effectiveness in high-frequency range. Fortunately, both resonan-
ces and multiple solutions only appear in the very low-frequency
range under light damping. Thus, even for light damping, such as
f ¼ 0:01, the QZS platform still perform an excellent function of
vibration isolation with high effectiveness and broad bandwidth.

Effects of excitation amplitudes on transmissibility, e.g., TFx

and TMx
, are illustrated in Fig. 5. Two levels of the excitation,

namely g ¼ 1% and g ¼ 10%, are considered. Obviously,

increasing excitation enlarges the peak of transmissibility and
leads to a shift of the peak into higher-frequency range, and thus,
the multivalued frequency range becomes broader, and jump phe-
nomenon is more obvious. However, those unfavorable events
also occur in low-frequency range, which has an insignificant
influence on vibration isolation performance.

5 Conclusions

A 6DOFs-QZS platform is proposed, and its vibration isolation
performances are investigated. It is found that the QZS platform is
effective nearly in the whole range of frequency under small
excitation and comparatively heavy damping, and it has a big
advantage over its linear counterpart in all 6DOFs. Both damping
level and excitation amplitude can influence transmissibility.
Heavy damping suppresses resonances and appearances of multi-
ple solutions, but degrades isolation performance in the effective
frequency range. Peak transmissibility increases, and the multival-
ued frequency bandwidth becomes broader, as the excitation
amplitude increases. Fortunately, the degradation of vibration iso-
lation performance occurs only in very low-frequency range.
Therefore, this 6DOFs-QZS platform can perform very well in
low-frequency vibration isolation, even under relatively large
excitations and light damping.
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