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Vibration isolation in neonatal transport
by using a quasi-zero-stiffness isolator

Jiaxi Zhou1, Kai Wang1, Daolin Xu1,2, Huajiang Ouyang3

and Yimei Fu4

Abstract

New-born infants are likely to suffer excessive vibration during neonatal transport, but there is no effective method to

attenuate the transmission of vibration from the ambulance floor to an infant. This would be particularly detrimental

to premature or sick new-born babies. In this paper, a quasi-zero-stiffness (QZS) vibration isolation method is proposed

to improve the comfort of the infant in an incubator. The infant compartment is supported by quasi-zero-stiffness

isolators, which are realized each by combining a pair of mutually repelling permanent magnets in parallel connection

with a coil spring, and their parameters are obtained by design optimization to maximize the displacement range with

smaller stiffness than that of the coil spring. A lumped-mass model of the transport incubator is developed, and the

vibration isolation performance is estimated in terms of displacement and acceleration transmissibility. Numerical results

reveal that a comparatively heavy damping is needed to completely avoid the jump phenomenon inherent in polynomial

nonlinearity and suppress resonance, and thus achieve smooth and effective vibration attenuation starting from an ultra-

low frequency. Under a random disturbance, magnification of vibration is observed in the original transport incubator,

but notable attenuations of root mean square (RMS) acceleration and displacement in the modified one, which indicates

that the proposed quasi-zero-stiffness isolator should be a good solution to eliminate vibration-induced injuries in

neonatal transport.
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1. Introduction

Generally, premature or sick new-born infants
are transported to perinatal centers for intensive
care via ambulances, fixed-wing aircraft, or helicopters.
No matter what modes of transportation are
adopted, mechanical vibration transmitted from the
vehicle body to an infant is unavoidable. It has been
known from experiments on adults and animals
that vibration usually has adverse effects (ISO-
2631-1:1997, 1997) on cardiorespiratory functions
(Clark et al., 1967) and peripheral and central nerve
systems (Floyd et al., 1973; Landstrom and Lofstedt,
1987). Moreover, it was reported that premature
infants with very low birth weight were more likely to
incur intraventricular hemorrhage and cerebral palsy
due to vibratory stresses during neonatal transport
(Shah et al., 2008; Prehn et al., 2015). Therefore, miti-
gating mechanical vibration (and noise) is essential to
provide a comfortable and safe transport that

prevents premature or sick new-born from avoidable
morbidity.

In the past two decades, several attempts (Sherwood
et al., 1994; Gajendragadkar et al., 2000; Browning
et al., 2008; Shah et al., 2008; Prehn et al., 2015;
Sallee et al., 2016) of structural modifications of
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transport incubators have been made to reduce vibra-
tion levels of neonates in the transport incubator.
Sherwood et al. (1994) tried to use three kinds of mat-
tresses – foam, air-filled, and gel-filled – to decrease
vibration intensity. It was found that a gel-filled mat-
tress was most effective, and the foam restraint placed
between the tray and the track played a vital role to
suppress vibration. A similar experiment was carried
out by Gajendragadkar et al. (2000), where a combin-
ation of gel-filled mattress and foam was considered.
The gel-filled mattress was reconfirmed as being most
effective in reducing vibration levels, but none of these
mattresses were capable of attenuating the transmission
of disturbances from the ambulance floor to the infant,
and the foam mattress even accentuated root mean
square (RMS) acceleration by about 3 times during
city runs. In contrast, experiment tests carried out by
Prehn et al. (2015) indicated that an air-filled mattress
was superior to the gel-filled one, which was a different
finding from previous works (Sherwood et al., 1994;
Gajendragadkar et al., 2000). This can be attributed
to the fact that there is no standard for experimental
tests and vibration measurements during neonatal
transport. In other words, the categories of ambulance,
types of transport incubator, and brands of mattress
utilized in experimental investigations were different
from each other. Browning et al. (2008) found that con-
straints on the tray had a significant impact on vibra-
tion levels during in-hospital transport, which indicated
that loosening constraints leads to large vibration amp-
litude. Furthermore, Salle et al. (2016) fixed the bottom
tray onto a rigid frame by bolts to tune its natural
frequencies far away from the driving frequency, and
inserted rubber strips to dampen resonance.

The above works made an important step towards
understanding the predominant frequency components
of disturbances from a vehicle body, and the contribu-
tion factors toward increase in vibration level.
However, owing to a lack of theoretical modelling
and analysis, those modifications on the incubator are
unable to substantially mitigate vibration transmission,
even though the vibration level can be reduced by shift-
ing natural frequencies of the transport incubator away
from the driving frequencies, which are mostly low fre-
quencies, i.e., natural frequencies of the vehicle (Shenai
et al., 1981; Gajendragadkar et al., 2000). Therefore,
there is a need for the study and design of more effective
vibration isolation devices to provide safer neonatal
transport (Gajendragadkar et al., 2000).

To the authors’ knowledge, designs of vibration iso-
lation devices for transport incubators are rarely
reported. Beale (2006) designed an active vibration con-
trol system to reduce acceleration encountered by
infants in incubators. Bailey-Van Kuren and Shukla
(2005, 2007) also proposed an active pneumatic-springs

vibration isolation system. In both the devices above,
supporting instruments and a power-supply are needed
to execute the control algorithm. Passive vibration iso-
lators are believed to be more compact, cheaper, and
more reliable than active ones. Sabota and Aghili
(2016) modified an incubator by installing a passive
vibration isolation system consisting of coil springs
and dampers between the tray and the rigid frame;
however, the vibration isolation performance of this
system was not estimated in the patent application.

The motivation of this paper is to propose a promis-
ing solution to attenuate vibration in neonatal trans-
port by using quasi-zero-stiffness (QZS) isolators. The
QZS isolator has intrinsic advantages of isolating low-
frequency disturbances over existing passive and
active isolators, due to its characteristics of high-
static-low-dynamic stiffness and non-power-supply.
The QZS isolator can be realized by combining a nega-
tive stiffness (NS) mechanism or structure with a posi-
tive stiffness element. Several investigations (Platus,
1991; Carrella et al., 2008; Le and Ahn, 2011; Shaw
et al., 2013; Xu et al., 2013; Sun et al., 2014; Wu
et al., 2014; Zhou et al., 2015; Zheng et al., 2016)
have been carried out for compact and reliable NS
mechanisms and structures. In this paper, a pair of per-
manent magnets with a mutually repelling feature is
utilized to construct a QZS isolator with a coil spring,
because of its easily tailored stiffness characteristic by
parametric designs and compact structural configur-
ation (Wu et al., 2014; Zheng et al., 2016). A damper
is also installed in parallel with the coil spring to sup-
press resonance and avoid the jump phenomenon. The
infant compartment (or housing unit) is supported by
QZS isolators to mitigate the transmission of disturb-
ances from both the ambulance floor and auxiliary
equipment (or supporting instrumentations) of the
incubator. Considering the soft mattress and rubber
wheels, the lumped-mass model of the transport incu-
bator is established, and the vibration isolation per-
formance is evaluated in terms of displacement and
acceleration transmissibility under harmonic disturb-
ances and a random excitation used in the experimental
test by Shenai et al. (1981).

This paper is organized as follows. The lumped-mass
model of the original transport incubator is established
in Section 2. Section 3 presents the design concept of
the QZS vibration isolation system, including design of
the modified transport incubator, detailed parametric
design, and stiffness analysis of the QZS isolator. In
Section 4, the lumped-mass model of the modified
transport incubator is established, and the vibration
isolation performance of the QZS transport incubator
system is estimated, which is also compared with that of
the original one to demonstrate its effectiveness in
isolating low-frequency disturbances.
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2. Lumped-mass modelling of
a transport incubator

2.1. Parameters of lumped-mass model

The transport incubator is equipped in a neonatal
intensive care ambulance, consisting of an infant com-
partment (or housing unit), auxiliary equipment (or
supporting instrumentation), and a stretcher (or trol-
ley). The mattress is supported by a tray. The tray is
rigidly fixed on the frame that is used to hold the aux-
iliary equipment. Considering rubber wheels support-
ing the stretcher and soft mattresses housing the infant,
the transport incubator can be approximately modelled
as a 2-DOF (degrees of freedom) lumped-mass system
excited by disturbances from the ambulance floor, as
shown in Figure 1. Note that only the vertical disturb-
ance is considered here, since this is the dominated
motion of the vehicle body of the ambulance, and
thus only the vertical DOF of each lumped mass is
taken into account.

The stiffness of a rubber wheel is assessed by using
finite element (FE) analysis. Figure 2(a) shows stresses

distributions of a deformed wheel, which consists of a
steel hub with radius of 30.5mm and solid rubber tire
with thickness of 32mm. The constitutive relationship
of rubber is represented by an incompressible Mooney-
Rivlin model with parameters C10¼ 3.2MPa and
C01¼ 0.8MPa, which can be found in ABAQUS
user’s manual (2014). By applying an additional vertical
concentrated force to a payload (a quarter of total
weight of transport incubator with auxiliary equipment
and stretcher) at the center of the wheel, a further
deflection after static deformation can be obtained,
and the relationship between the additional force and
deflection is depicted in Figure 2(b). It can be seen that
the stiffness is nonlinear, but the nonlinearity is insig-
nificant. Hence, the stiffness of rubber wheel can be
obtained from the secant slope of the force–deflection
curve, as listed in Table 1.

There are many kinds of mattresses used to house an
infant in an incubator, such as gel-filled, air-filled, and
foam-filled ones. It is difficult to determine the stiffness
of these mattresses by FE simulations, due to a lack of
knowledge of the specific material parameters.

(a) (b)

Figure 2. Stiffness of rubber wheel. (a) Deformation and stress distributions; (b) relationship between load and deformation.

Figure 1. Lumped-mass model of the infant-incubator system mounted on the ambulance floor.
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However, it can be approximately identified by using
existing experimental data. Gajendragadkar et al.
(2000) measured the natural frequency of an infant-
mattress system, which was about 10Hz for a gel-
filled mattress, and then the stiffness of this gel-filled
mattress can be determined, as listed in Table 1. Note
that the mass of the transport incubator in Table 1 is
that of Air-Shields TI-500 Infant Incubator (Draeger,
2016), including the mass of a stretcher equipped for
ambulance. Damping ratios of gel-filled mattresses and
rubber wheels are selected as 0.2 (silicone gel in a solid
state (Osada and Kajiwar, 2001)) and 0.08 (polyureth-
ane rubber under average room temperature (Chen
et al., 2011)), respectively, and their corresponding
damping coefficients are listed in Table 1. It is worth
noting that the amplification factors of amplitude at
resonance in references (Gajendragadkar et al., 2000;
Sherwood et al., 1994) are taken into account when
the damping ratios are determined.

2.2. Displacement transmissibility

When the ambulance floor is excited by a harmonic
disturbance, the displacement transmissibility of the
system, namely the ratio of the displacement amplitude
of the infant to that of disturbance, is depicted in
Figure 3. Note that the acceleration transmissibility is
identical to the displacement transmissibility under a
single harmonic excitation in a linear vibration isola-
tion system. As seen from Figure 3, the lumped-mass
model of the transport incubator system has two
natural frequencies, namely 10Hz and 35.21Hz.
Gajendragadkar et al. (2000) reported that the domin-
ant frequencies of disturbance were 2.5Hz and 15Hz
for a neonatal intensive care ambulance, which were
believed to be natural frequencies of the vehicle body.
At these two excitation frequencies, the displacement
transmissibility in Figure 3 is 1.071 and 1.025, respect-
ively, which implies no mitigation of transmission
of disturbance. Therefore, an effective vibration

isolation device is needed to protect the infant from
low-frequency disturbances originating from the
ambulance body.

3. Scheme of a QZS vibration system

As mentioned above, the disturbance mainly occurs
from vibration of low-frequency components. Thus, if
traditional linear isolators, such as coil springs and
rubber mounts, are adopted, their stiffness should be
designated to be very low, because this kind of isolator
is effective only when its natural frequency is well below
the disturbance frequency. Very low stiffness leads to a
very large static deflection under payload, which would
cause the transport incubator wobbly and unstable. In
contrast, QZS isolators possess the property of high
static stiffness but low dynamic stiffness, which not
only can support a payload without excessive static
deflection, but also have very low stiffness around the
static equilibrium position, even close to zero stiffness
at equilibrium. The low dynamic stiffness of a QZS
isolator is able to attenuate low-frequency disturbances
effectively.

3.1. Prototype design of the QZS transport
incubator system

The schematic diagram of the QZS transport incubator
system is shown in Figure 4(a). The compartment (a2)
housing the infant is supported by four QZS isolators
(a1). Each isolator is rigidly fastened on a frame (a3),
which is fixed on the stretcher (a4). The assembly of
QZS isolators in the frame is presented in Figure 4(b).
Note that the frame with high stiffness makes space for
placing auxiliary equipment, such as control devices,
flowmeter, gas tank, compressor, and battery. As a
result, this QZS vibration isolation system can also
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Figure 3. Displacement transmissibility of the transport incu-

bator system.

Table 1. Parameters of the lumped-mass model of a transport

incubator.

Parameter Definition Value

mI (kg) Mass of the infant 2

kM (N/m) Stiffness of the mattress 7:8957� 103

cM (N/ms) Damping coefficient of

the mattress

50.2656

mT (kg) Mass of the transport incubator 123.9

kW (N/m) Stiffness of the rubber wheels 6:0520� 106

cW (N/ms) Damping coefficient of the

rubber wheels

4:3814� 103
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mitigate disturbances arising from the auxiliary equip-
ment, especially the compressor.

The QZS isolator is fulfilled by combining a pair of
mutually repelling ring permanent magnets in parallel
connection with a coil spring, as shown in Figure 4(c).
Each corner of the infant compartment is connected to
a rigid rod (c1) by a support (b1). The rod (c1) is guided
by two liner bearings (c2), and thus it can only move
along the axial direction. The inner ring magnet (c4) is
fixed on the rod (c1) by fastening screw nuts (c3) at
both ends. The outer ring magnet (c5) is fixed on the
sleeve (c7) by fastening bolts (c6). Note that these two
magnets have the same magnetization direction along
the axis of the rod (c1) to realize mutually repelling
configuration. The sleeve (c7) is fastened on the frame
by bolts and nuts. One end of the coil spring (c9) is
screwed on the bottom end of the rod (c1), and the
other end is supported on a pre-compression adjustor
(c11), which is screwed on the sleeve (c8). To dampen
possible resonances and suppress potential appearance
of the jump phenomenon of this nonlinear vibration
isolation system, a viscous damper (c10) is set in paral-
lel with and inside the coil spring (c9). Under a payload,
the inner ring magnet (c4) aligns in parallel with the
outer one (c5), while a marked line on the rod (c1)
aligns with the top edge of the upper linear bearing.
When the magnitude of the payload alters, the pre-
compression of the coil spring can be regulated by turn-
ing the adjustor (c11) to guarantee that the marked line
always stay on the pre-set position, namely aligning
with the top edge of the upper linear bearing.

By static analysis of the isolator, the restoring force
of the QZS isolator as a function of axial displacement
x of the rod (c1) can be given by

f ¼ kvx�
�2Rm

�0
2� xð Þ � � xþ hð Þ � � x� hð Þ½ � ð1Þ

where the expression of magnetic force was given by
Zhong (1998), and

� að Þ ¼ 2lþ gð Þ tan�1
2lþ g

a
� 2 lþ gð Þ tan�1

lþ g

a

þ g tan�1
g

a
�
a

2
ln 2lþ gð Þ

2
þa2

� ��
� 2 ln lþ gð Þ

2
þ ln g2 þ a2

� ��
ð2Þ

and
� ¼ J � n is magnetic pole surface density, and J is

the magnetic polarization vector, and n is the unit
normal vector;
�0, the permeability of the vacuum;
Rm ¼ Rþ lþ g=2, average radius of the inner and

outer permanent magnets;
R, the inner radius of the inner permanent magnet;
l, width of both the inner and outer permanent

magnets;
h, height of both the inner and outer permanent

magnets;
g, air gap between the inner and outer permanent

magnets.

Figure 4. Schematic diagram of the quasi-zero-stiffness (QZS) vibration isolation system. (a) Overview; (b) inside view of the

assembly of QZS isolators in the frame housing auxiliary equipment; (c) inside view of the QZS isolator.
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The stiffness of the QZS isolator can be obtained by
differentiating the expression of restoring force with
respect to x

k ¼ kv �
�2Rm

�0
2’ xð Þ � ’ xþ hð Þ � ’ x� hð Þ½ � ð3Þ

where

’ að Þ ¼ �
2a2

a2 þ lþ gð Þ
2
�
1

2
ln

2lþ gð Þ
2
þa2

� �
g2 þ a2
� �

lþ gð Þ
4

ð4Þ

3.2. Parametric design of the QZS isolator

Substitute x¼ 0 into equation (3) and let k ¼ 0, and
then one can derive the zero-stiffness condition at the
equilibrium

kv,QZS ¼
�2Rm

�0

4h2

h2 þ lþ gð Þ
2

�

þ ln
2lþ gð Þ

2
þh2

� �
g2 þ h2
� �

2lþ gð Þ
2g2

)
ð5Þ

By substituting the above equation into equation (3),
the restoring force of the QZS isolator can be given by

fQZS ¼ kv,QZSx�
�2Rm

�0
2� xð Þ � � xþ hð Þ � � x� hð Þ½ �

ð6Þ

and the stiffness of the QZS isolator can be given by

kQZS ¼ kv,QZS �
�2Rm

�0
2’ xð Þ � ’ xþ hð Þ � ’ x� hð Þ½ �

ð7Þ

As seen from equations (5) and (7), the stiffness of
the QZS isolator is depended on the stiffness of coil
spring and geometric parameters of magnets. To
achieve best low-frequency vibration isolation perform-
ance, the stiffness is expected to be as low as possible
under several constraints, such as restrictive physical
dimensions, capability of supporting payload, and
zero-stiffness condition. An index xd denoting the dis-
placement range with smaller stiffness than that of the
coil spring is adopted as the objective function.
Through maximizing this index, the optimal geometric
parameters of magnets will be found. The mathematical
formula for design optimization can be written as

Find h, l, g
� �

opt

Max xd

S:t:
kv,QZS ¼

�2Rm

�0

4h2

h2þ lþgð Þ
2 þ ln

2lþgð Þ
2
þh2½ � g2þh2ð Þ

2lþgð Þ
2g2

n o
h, l, g
� �

L
� h, l, g
� �

� h, l, g
� �

U

8<
:

ð8Þ

where subscripts U and L denote upper and lower
bounds of variables, respectively, and index xd is
yielded from kQZS xdð Þ ¼ kv,QZS, namely the positive
root of the following equation

2’ xð Þ � ’ xþ hð Þ � ’ x� hð Þ ¼ 0 ð9Þ

and the stiffness of the coil spring is previously deter-
mined according to the level of payload, namely
kv,QZS ¼ FP=�xa, where �xa is the maximum allowable
static deflection of the isolator, and FP is the payload.
Note that under the payload, the isolator is in the static
equilibrium state, whereas the mutual repelling force
between the pair of magnets is zero, and thus the pay-
load is supported only by the coil spring.

By installing QZS isolators, the incubator can be
divided conceptually into two parts, namely infant
compartment and the frame for auxiliary equipment.
The weight of the infant compartment made of poly-
methyl methacrylate is about mC ¼ 20 kg, and the total
weight of the auxiliary equipment (including stretcher)
is about mA ¼ 103:9 kg. The maximum allowable static
deflection �xa is assume to be 10mm, and the payload
supported by each isolator is 50N, and then the stiff-
ness of the coil spring can be tentatively determined as
kv,QZS ¼ 5� 103 N=m. Considering space compactness
of the isolator, the upper bound of the geometric vari-
ables is selected as h, l, g

� �
U
¼ 20, 20, 20f gmm, and

the lower one is select as small positive values. By car-
rying out the design optimization by using MATLAB�

function fmincon based on the interior-point algo-
rithm, the optimal geometric parameters of magnets
can be determined, which is h, l, g

� �
opt
¼ 4:9319, 20,f

20gmm. Taking into account manufacturing feasibility
and compliance with the constraint on maximum allow-
able static deflection, the non-integer value of hopt is
rounded up towards the nearest integer. Therefore,
the definitive design parameters of magnets are
h, l, g
� �

¼ 5, 20, 20f gmm. Based on these parameters,
the stiffness of the coil spring can be determined by
equation (5). Finally, parameters of the QZS isolator
are summarized in Table 2.

3.3. Stiffness characteristics of the QZS isolator

The restoring force and stiffness of the QZS isolator are
shown by solid lines in Figure 5. As expected, the stiff-
ness is zero at the static equilibrium position, and very
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low in the vicinity of this position, and below the stiff-
ness of coil spring in a large displacement range. But it
has the same capability of supporting the payload like
the coil spring. In other words, the payload results in
identical static deflections when it is supported by the
QZS isolator or only by the coil spring.

As seen from equation (6), the expression of restor-
ing force is so complicated that it is difficult to conduct
consequent dynamic analysis. Generally, the original
expression is approximated by using a Taylor
Expansion near the static equilibrium position.
However, this approximation matches well with the ori-
ginal one only in the vicinity of the static equilibrium
position, but, outside this displacement range, the dif-
ference become so large that the Taylor Expansion
cannot describe the stiffness characteristic with accept-
able accuracy. Therefore, the tedious expression of
restoring force of the QZS isolator is approximated
by Polynomial Fittings with components of x3, x5,
and x7, due to the fact that the restoring force fQZS is
an odd function of displacement x and the stiffness is
equal to zero at x ¼ 0. The approximate expression of

the restoring force can be given by

faQZS ¼ k3x
3 þ k5x

5 þ k7x
7 ð10Þ

where k3 ¼ 7:8079� 106, k5 ¼ � 7:8457� 109, and
k7 ¼ 3:4148� 1012, which are obtained by using
MATLAB� function lsqcurvefit based on the trust-
region-reflective algorithm. Both the approximate
restoring force and stiffness, which is obtained by dif-
ferentiating equation (10) with respect to x, are
depicted as hollow dotted lines in Figure 5. It can be
seen that there exists excellent agreement between the
exact restoring force and its approximation in the
whole displacement range from �30mm to 30mm,
although the agreement of stiffness degrades when the
displacement amplitude exceeds 27mm.

4. Dynamic model and simulations of
the QZS transport incubator

After four QZS isolators are installed beneath the
infant compartment, the incubator is divided into two

x (m)
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)
k Q

Z
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Figure 5. Static characteristics of the quasi-zero-stiffness (QZS) isolator. (a) Force and (b) stiffness vs displacement.

Table 2. Parameters of the quasi-zero-stiffness (QZS) isolator.

Parameters � (T) �0 N=Að Þ R (mm) g (mm) h (mm) l (mm) kv,QZS (N/m)

Values 1 4�� 10�7 20 20 5 20 5:1361� 103
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parts. And thus, the QZS transport incubator system
can be represented by a 3-DOF lumped-mass system, as
shown in Figure 6(a). As mentioned before, only the
vertical DOF of each lumped mass is considered, and
the infant compartment can only move along the verti-
cal direction; therefore, all these isolators are assumed
to undergo the same amount of deformation. The equa-
tions of motion of the 3-DOF model are established,
and its vibration isolation performance is estimated in
terms of displacement transmissibility, which shows
that the wheels have negative effects on the vibration
isolation performance. Therefore, the stretcher is sug-
gested to be rigidly fixed on the ambulance floor during
the neonatal transport, leading to a modified 2-DOF
model, as shown in Figure 6(b). Furthermore, based
on this 2-DOF model, the critical damping for totally
avoiding jump phenomenon and suppressing resonance
is determined, and the effectiveness of the QZS isolation
system in the modified transport incubator is verified by
numerical simulations under harmonic and random
disturbances.

4.1. Dynamics of the 3-DOF QZS system

The equations of motion of the 3-DOF system are
given by

mI €xI þ cM _xI � _xCð Þ þ kM xI � xCð Þ ¼ 0

mC €xC þ cQ _xC � _xAð Þ þ 4k3 xC � xAð Þ
3

þ 4k5 xC � xAð Þ
5
þ4k7 xC � xAð Þ

7

� cM _xI � _xCð Þ � kM xI � xCð Þ ¼ 0

mA €xA þ cW _xA � _yð Þ þ kW xA � yð Þ

� cQ _xC � _xAð Þ � 4k3 xC � xAð Þ
3

� 4k5 xC � xAð Þ
5
�4k7 xC � xAð Þ

7
¼ 0

ð11Þ

where cQ ¼ 2�Q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4mCkv,QZS

p
is the damping coefficient

of the QZS vibration isolation stage, and y is a disturb-
ance applied on the ambulance floor. Generally, under
a periodic excitation, the QZS system may experience
complicated responses, such as sub/super-harmonic,
quasi-periodic and even chaotic responses (Zhou
et al., 2015). It is well known that, under a multiple-
harmonic disturbance, the response of a linear system is
not periodic with only one frequency component. For
those responses, the definition of displacement trans-
missibility in Section 2.2, namely the ratio of displace-
ment amplitudes, is unusable. A ratio of RMS
displacement of the infant to that of the disturbance
is newly defined as displacement transmissibility, i.e.

Td ¼
RMS xI tð Þð Þ

RMS y tð Þð Þ
ð12Þ

where xI tð Þ and y tð Þ are time histories of displacement
responses of the infant and the disturbance, respect-
ively. Time histories of xI tð Þ is obtained by solving
equation (11) numerically with Runge-Kutta algorithm.
When a cosine disturbance y ¼ Y cos !0tð Þ is applied on
the ambulance floor, both the forward and backward
frequency sweeps as linear functions of time are carried
out, and the displacement transmissibility is shown in
Figure 7 under different levels of damping and excita-
tion. In this figure, solid lines and dashed lines denote
results obtained from the forward and backward fre-
quency sweeps, respectively, and arrows are utilized to
distinguish these two types of frequency sweeps from
each other when the jump phenomenon occurs.

From Figure 7, it can be seen that under low-level
excitation the QZS isolation system has a notable
effectiveness in the whole frequency range
(Figure 7(a)), even though an obvious resonant peak
occurs at the natural frequency of the infant-mattress

(a) (b)

Figure 6. Lumped-mass model of the modified transport incubator. (a) 3-DOF (degrees of freedom) model and (b) modified 2-DOF

model. QZS: quasi-zero-stiffness.
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subsystem. However, under high-level excitation, the
jump phenomenon, a multi-valued feature of nonlinear
dynamic systems, is activated, and the amplitude on the
upper branch is very large (Figure 7(b)). In the vicinity
of the natural frequency of the auxiliary equipment-
wheels subsystem, the displacement response of the
infant is chaotic with large amplitude, as shown in
Figure 8. The frequency spectrum (Figure 8(b)) shows

that numerous components with frequencies below the
excitation frequency !0 ¼ 39:9Hz occur, and ampli-
tudes at natural frequencies of two aforementioned
subsystems are considerable.

Moreover, by increasing damping ratio from 0.1 to
0.2 it is possible to attenuate resonance and avoid the
jump phenomenon in low-frequency range, as demon-
strated in Figure 7(c); however, complicated responses

(a)

(b)

(c)

(d)

Figure 7. Displacement transmissibility of the quasi-zero-stiffness (QZS) system under different levels of damping and excitations.

(a)

(b)

Figure 8. Displacement response of the infant when !0 ¼ 39:9 Hz. (a) Time history; (b) frequency spectrum.
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at frequencies close to the natural frequencies of the
auxiliary equipment-wheels subsystem cannot be elimi-
nated, which are still in chaotic state. Furthermore,
heavier damping is utilized to suppress those compli-
cated responses, as shown in Figure 7(d). Under such a
circumstance, both the resonance and jump phenomena
of the QZS subsystem are completely suppressed.
However, the heavy damping degrades the effectiveness
of vibration isolation, although the system can perform
vibration isolation in the whole frequency range, as
demonstrated in Figure 7(d). To essentially get rid of
negative effects arising from the auxiliary equipment-
wheels subsystem, the stretcher is suggested to be
mounted rigidly on the ambulance floor by lockers
during the neonatal transport in the ambulance. In
the next subsection, the vibration isolation performance
of the modified 2-DOF QZS vibration isolation system
will be studied in details.

4.2. Dynamics of the modified 2-DOF
QZS system

After the removal of rubber wheels, the lumped-mass
model of the transport incubator is reduced to a 2-DOF
QZS system, as shown in Figure 6(b). In such a situ-
ation, the displacement of the auxiliary equipment
(including stretcher) is equal to that of the ambulance
floor. The equations of motion of the 2-DOF QZS
system can be given by

mI €xI þ cM _xI � _xCð Þ þ kM xI � xCð Þ ¼ 0

mC €xC þ cQ _xC � _yð Þ þ 4k3 xC � yð Þ
3

þ 4k5 xC � yð Þ
5
þ4k7 xC � yð Þ

7

� cM _xI � _xCð Þ � kM xI � xCð Þ ¼ 0

ð13Þ

where y is the disturbance applied on the ambulance
floor.

4.2.1. Critical damping ratios for avoiding jump phenomenon

and suppressing resonance under single harmonic

disturbance. Under a harmonic disturbance y ¼ Y cos
!0tð Þ, by introducing following non-dimensional terms

�z1 ¼
xI � xC

R
, �z2 ¼

xC � y

R
, �Y ¼

Y

R
, �kM ¼

kM
4kv,QZS

,

�3 ¼
k3R

2

kv,QZS
, �5 ¼

k5R
4

kv,QZS
, �7 ¼

k7R
6

kv,QZS
, � ¼

mI

mC

e ¼
1þ �

�
, �t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kv,QZS

mC

s
t, � ¼

!0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4kv,QZS=mC

p ,

�Q ¼
cQ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4mCkv,QZS

p , �M ¼
cM

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4mCkv,QZS

p ð14Þ

the equation of motion can be rewritten in the nondi-
mensional form

�z001 þ 2e�M �z01 � 2�Q �z02 þ e �kM �z1 � �3 �z32 � �5 �z52 � �7 �z72 ¼ 0

�z002 � 2�M �z01 þ 2�Q �z02 �
�kM �z1 þ �3 �z32 þ �5 �z52 þ �7 �z72

¼ �2 �Y cos��t ð15Þ

where �z1 is the nondimensional relative displacement
between the infant and his/her housing compartment,
and �z2 is the nondimensional relative displacement
between the infant compartment and the ambulance
floor, and �ð Þ0 represents differentiation with respect
to �t. The fundamental response is obtained by using
the Harmonic Balance Method, and only the primary
resonance (the first approximation) is considered.
Therefore, the fundamental response is assumed to be

�z1 ¼ �Z11 cos��tþ �Z12 sin��t

�z2 ¼ �Z21 cos��tþ �Z22 sin��t
ð16Þ

By substituting equation (16) into equation (15), and
ignoring the higher-order harmonic terms, and equat-
ing coefficient of cos��t and sin��t, the relationship
equations between the amplitudes of fundamental
response and excitation frequency can be obtained as

e �kM ��2
� �

�Z11 �
35

64
�7 �Z7

21 �
105

64
�7 �Z5

21
�Z2
22 �

5

8
�5 �Z5

21

�
105

64
�7 �Z3

21
�Z4
22 �

5

4
�5 �Z3

21
�Z2
22 �

3

4
�3 �Z3

21

�
35

64
�7 �Z21

�Z6
22 �

5

8
�5 �Z21

�Z4
22 �

3

4
�3 �Z21

�Z2
22

þ 2e�M� �Z12 � 2�Q� �Z22 ¼ 0

e �kM ��2
� �

�Z12 �
525

64
�7 �Z6

21
�Z22 þ

2345

64
�7 �Z4

21
�Z3
22

�
5

8
�5 �Z4

21
�Z22 �

1575

64
�7 �Z2

21
�Z5
22 �

5

4
�5 �Z2

21
�Z3
22

�
3

4
�3 �Z2

21
�Z22 þ

35

64
�7 �Z7

22 �
5

8
�5 �Z5

22 �
3

4
�3 �Z3

22

� 2e�M� �Z11 þ 2�Q� �Z21 ¼ 0
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21 þ
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5
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 �
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þ �
2345

64
�7 �Z4

21 þ
5

4
�5 �Z2

21 þ
3

4
�3


 �
�Z3
22

þ
525
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�5 �Z4

21 þ
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21 ��2


 �
�Z22

þ 2�M� �Z11 � 2�Q� �Z21 ¼ 0 ð17Þ

By solving the above equations, the relative ampli-
tudes can be obtained. The absolutely displacement of
the infant can then be given by

�xI ¼ �z1 þ �z2 þ �y

¼ �Z11 þ �Z21 þ �Y
� �

cos��tþ �Z12 þ �Z22

� �
sin��t

¼ �XI cos ��t� �
� �

ð18Þ

where �XI ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Z11 þ �Z21 þ �Y

� �2
þ �Z12 þ �Z22

� �2q
and

tan� ¼ �Z12 þ �Z22

� �
= �Z11 þ �Z21 þ �Y
� �

. Therefore, the
displacement transmissibility can be yielded

Td ¼
�XI

�Y
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Z11 þ �Z21 þ �Y

� �2
þ �Z12 þ �Z22

� �2q
�Y

ð19Þ

Variations of peak displacement transmissibility
Td,max and the beginning frequency of vibration isola-
tion !b against damping ratio are depicted in Figure 9,
by numerically solving equation (17). It can be seen that
both Td,max and !b decrease as the damping ratio
increases in the range of 0:1615 � �Q � 0:2675. In add-
ition, Td, max and !b are close to 1 and 0, respectively,
when the damping ratio approaches a critical value of
0.2675, as depicted by squares in Figure 7. This indi-
cates that the QZS vibration isolation system will be
effective in the whole frequency range, as long as the
damping ratio exceeds this critical value.

Two key damping ratio values, which are repre-
sented by a circle and a square in Figure 9, respectively,

divide the whole range into three characteristic regions.
In the range of �Q5 0:1615, obviously, there exists
the jump phenomenon, as show in Figure 10(a).
When 0:1615 � �Q � 0:2675, the jump phenomenon
disappears, while a peak displacement transmissibility
occurs at low frequency, as shown in Figure 10(b).
Therefore, 0.1615 is a critical value of damping
ratio for avoiding the jump phenomenon under a
harmonic excitation with amplitude of 10mm. In the
range of �Q 4 0:2675, the resonance is totally sup-
pressed, and the displacement transmissibility is
below 1 in the whole range of frequency, which
means that the QZS isolation system is effective under
a harmonic excitation with any frequency, as shown in
Figure 10(c).

This finding provides a guideline to design a damper
to fulfil low-frequency vibration isolation in neonatal
transport. It reveals that a comparatively heavy damp-
ing is needed to fully avoid the jump phenomenon and
suppress resonance, and thus keep the QZS system
effective in ultra-low frequency range. Moreover, the
comparison between Figures 10(b) and 10(c) indicates
that increasing damping will degrade vibration isola-
tion efficiency when the excitation frequency is out of
the ultra-low frequency range. Therefore, the damping
should be selected carefully by considering suppression
of resonance and vibration isolation efficiency
simultaneously.

4.2.2. Vibration-isolation performance under a random

disturbance. In this section, the vibration-isolation per-
formance is estimated under a random disturbance

y tð Þ ¼
X
k

1

!2
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�!S !kð Þ

p
cos !ktþ �kð Þ ð20Þ

where S !kð Þ is power spectrum density (PSD) of
acceleration at frequency !k, derived from the

(a) (b)

Figure 9. Variations of (a) peak displacement transmissibility Td, max and (b) beginning frequency of vibration isolation !b against

damping ratio �Q, when Y¼ 10 mm.
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experimental results during neonatal transports
obtained by Shenai et al. (1981), and �k is randomly
selected based on a uniform distribution in the range
from �� to �, and the value range of !k is from 3Hz to
20Hz, and k ¼ 500. Unfortunately, in Shenai et al.
(1981), specific values of the PSD were not given, and
thus the maximum value of PSD is selected as 0.2 in this
paper. To isolate all the frequency components of this
random disturbance, the beginning frequency of vibra-
tion isolation should be smaller than 3Hz. According
to the guide for selecting damping ratio shown in
Figure 9(b), the damping ratio should be larger than
0.1675 and it is selected as 0.17 here.

The RMS acceleration is always used to measure
vibration levels of human body, and International
Standard Organization (ISO) (ISO-2631-1:1997, 1997)
evaluates perceptions under different vibration levels
based on this measurement. Therefore, the acceleration
transmissibility is also an essential index to evaluate the
performance of QZS vibration isolation system in neo-
natal transport, which can be defined by

Ta ¼
RMS €xI tð Þð Þ

RMS €y tð Þð Þ
ð21Þ

where €xI tð Þ and €y tð Þ are time histories of accelerations
of the infant and ambulance floor, respectively. It
should be noted that, under a single harmonic disturb-
ance, the acceleration transmissibility is almost equal to
that of displacement. But, there exists a notable differ-
ence between these two kinds of transmissibility under

multi-harmonic disturbances, which depends on the
predominated frequency components.

Responses of the original transport incubator,
2-DOF lumped-mass model in Figure 1, are presented
in Figure 11, where solid lines and dotted lines denote
responses of the infant and the disturbance, respect-
ively. It is obvious that amplitudes of displacement
and acceleration responses are larger than those of
the disturbance. The displacement and acceleration
transmissibility, calculated by equation (12) and equa-
tion (21), are 1.4580 and 1.8622, respectively, which
implies that the transmission of disturbance is amplified
by the soft mattress and rubber wheels.

Responses of the modified transport incubator, the
modified 2-DOF model in Figure 6(b), are depicted in
Figure 12. In this case, the displacement and acceler-
ation transmissibility are 0.4470 and 0.2775, respect-
ively, which implies that RMS displacement and
RMS acceleration transmitted to the infant have been
isolated by more than 50% and 70%, respectively. In
addition, the effectiveness in mitigating transmission of
acceleration disturbance is superior to that of displace-
ment, due to the fact that the displacement and
acceleration of a disturbance are predominated by
lower-frequency components and higher ones, respect-
ively. From the standpoint of promoting amenities
(measured by RMS acceleration) of the infant during
neonatal transport, the QZS isolation system provides a
feasible solution to isolate disturbances in terms of
RMS acceleration, although the effectiveness in attenu-
ating transmission of displacement disturbance is

(a)

(b)

(c)

Figure 10. Displacement transmissibility of the 2-DOF (degrees of freedom) quasi-zero-stiffness (QZS) system under different

damping levels, when Y¼ 10 mm.
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inferior to that of acceleration. Most importantly, the
benefit of using the proposed QZS isolators can be
easily seen from a comparison between responses of
the original transport incubator (Figure 11) and the
modified one (Figure 12).

5. Conclusions

A promising solution to vibration isolation in neonatal
transport is proposed. QZS isolators are designed to
attenuate transmission of disturbances from the
ambulance floor to the infant in the incubator. The
lumped-mass dynamic model of transport incubator
is established, and vibration-isolation performances
under harmonic and random disturbances are evalu-
ated in terms of displacement transmissibility and accel-
eration transmissibility.

The comparison of transmissibility between the ori-
ginal transport incubator and the modified one reveals
the effectiveness of the proposed QZS vibration isola-
tion system. Magnification of vibration is observed in
the original transport incubator under a random dis-
turbance, but more than 70% attenuation of RMS
acceleration and 50% attenuation of RMS displace-
ment in the modified one. A comparatively heavy
damping is needed to completely avoid the jump phe-
nomenon and suppress resonance, and thus keep the
QZS vibration-isolation system effective from an
ultra-low frequency. It is suggested that the stretcher
is fixed rigidly on the ambulance floor during the neo-
natal transport, due to its negative effects on vibration
isolation performance. Future work will be directed at
fabricating a prototype of the modified transport incu-
bator and carrying out experimental tests to verify its
effectiveness in practice.

(a)

(b)

Figure 11. Responses of the original transport incubator (2-DOF (degrees of freedom) lumped-mass model in Figurer 1).

(a) Displacements and (b) accelerations of the infant and ambulance floor.

(a)

(b)

Figure 12. Responses of the modified transport incubator (2-DOF (degrees of freedom) lumped-mass model in Figure 6 (b)).

(a) Displacements and (b) accelerations of the infant and ambulance floor, when �Q ¼ 0:17.
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