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In this paper, the average method is adopted to analysis dynamic characteristics of nonlin-
ear vibration isolation floating raft system with feedback control. The analytic results show
that the purposes of reducing amplitude of oscillation and complicating the motion can be
achieved by adjusting properly the system parameters, exciting frequency and control gain.
The conclusions can provide some available evidences for the design and improvement of
both the passive and active control of the vibration isolation systems. By altering the excit-
ing frequency and control gain, complex motion of the system can be obtained. Numerical
simulations show the system exhibits period vibration, double period vibration and quasi-
period motion.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

There are many noise and vibration sources on-board
an underwater vehicle whose amplitude and spectra fea-
ture must be controlled in order to provide the submarine
with a stealth capability to perform many of its intended
missions. To enhance the stealth capability, the submarine
should minimise the acoustic noise that is broadcast into
the water and prevent it from being detected by active
sonar methods, where a sonar signal is broadcast from
another platform and listens to the reflected signals.
Besides, employing noise and vibration control technolo-
gies on-board a submarine is to minimise the exposure
to personnel, provide a comfortable working environment
thereby reducing fatigue of personnel, reduce the fatigue of
machinery parts, resulting in an improvement in reliability
and reduced maintenance costs. To achieve this goal, much
effort has been dedicated to the vibration isolation of the
submarine [1–5]. There is also a bunch of researchers
working on the idea of chaotification of the system, to alter
the frequency spectra feature of the vibration and improve
. All rights reserved.
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the concealment capability of underwater vehicles [6–9].
Line spectra of noise radiated from machinery vibration
of underwater vehicles signify dynamical characteristics
of operating systems, usually employed as a means for
identification of vehicles. By purposely operating a nonlin-
ear vibration isolation system (VIS) on chaotic state, it is
possible to convert harmonic machinery vibrations to cha-
otic motions. In this process, narrow-band line spectra of
harmonic vibration noise can be converted onto broadband
spectra of chaos. Because of the broadband nature of chaos,
major part of vibration energy at the machinery excitation
frequency could be through VIS scattered over a wide fre-
quency domain, resulting in the reduction of intensity of
line spectra. The vibration isolation performance of
chaos-based nonlinear vibration isolators was found to be
superior to that of traditional ones in the sense of line spec-
tra reduction [10].

In general, if the vibration source can be minimised in
the first place, then there is no need for ameliorative
systems to fix problems. Some vibration control methods
involve treating the transmission path, by using vibration
isolators to prevent the vibration from reaching a receiver.
In few cases it is possible to relocate the receiver to lessen
the perceived issue. The usual control techniques involve
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altering the sources and transmission paths. There are two
broad categories [11] of vibration control as passive [12]
and active control [13–16] technologies.

The most common method used to attenuate vibration
from equipment is to mount it on vibration isolator that
alters the vibration path. There are many types and con-
figurations of passive vibration isolators [17–19]made of
metal springs, synthetic rubber, coiled wire rope and
many more. Most of these isolators are designed to oper-
ate with a constant linear relationship between the
amount of force applied to the isolator and its deflection,
which is termed the Hooke’s Law of elasticity. Some vibra-
tion isolators also operate with a non-linear relationship
[20] between the applied force and its displacement.
These types of isolators are useful for shock isolation,
where a designer might require increasing reaction force
as the deflection increases. Reference [18] provides a com-
prehensive summary of the development of nonlinear
passive vibration isolators, that contains over 500 refer-
ences. A peculiar aspect of non-linear vibration isolators
is the potential to use them to obfuscate tonal vibration.
In the present study, nonlinear isolators are adopted aim-
ing to provoke complex motion and distort the spectra
features of the system.

Generally, active vibration isolation systems use a coun-
ter-acting force to reduce the vibration from a source. They
are typically used in combination with passive vibration
isolation systems, so that if the active system fails, the pas-
sive system will still provide some vibration attenuation.
There are examples of active vibration isolation systems
employed to attenuate vibration from marine engines from
reaching the support structure [21]. MTU Friedrichshafen
has developed a combined passive and active vibration iso-
lation system for attenuating the vibration from large mar-
ine diesel generators [22]. Their results indicate that
significant vibration attenuation can be achieved. The
development of active vibration control technologies for
marine and submarine applications is ongoing in academic
and defence research institutions, commercial and defence
companies. On the other hand, parameter region for com-
plex motion of the system is quite limited. Due to errors
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Fig. 1. Vibration isolation floating raft system with (a) the origins of the coordin
equilibrium places.
of manufacturing and assembling, it is not friendly feasible
to change the component parameters to invoke complex
vibration. Consequently, to make the ease of changing
system parameter to provoke the system onto complex
motion state, we introduce a feedback control to the non-
linear vibration isolation system and obtain a larger
parameter region of complex motion.

In the present study, we use both passive and active
vibration isolation techniques, that is, introducing a float-
ing raft between the isolated equipment and the base,
inserting nonlinear vibration isolators in between, and
implementation of a displacement feedback control, aims
to suppress the vibration and find the parameter region
of the system for complex motion. The present investiga-
tion is to study the nonlinear dynamic behaviour of a
vibration isolation floating raft system with nonlinear iso-
lators. The approximate analytical solution is obtained by
average method [23], which is used to analyze effect of
each system parameter on the dynamic vibration behav-
iour of the system. By numerical integration, periodic
motion and complex motions of the system are discussed
by tracing the bifurcation diagram,

2. Governing equations

The nonlinear vibration isolation floating raft system
can be considered as a 2-DOF mass-spring system [10],
as shown in Fig. 1. M1 and M2 denote the isolated equip-
ment and the floating raft, respectively. M1 is supported
by a linear damper and a nonlinear spring which possesses
both quadric and cubic nonlinearity. The floating raft M2 is
connected with a fixed plane using a linear damper and a
cubic nonlinear hardening spring. In addition, there is an
actuator between M1 and M2, which is utilized to imple-
ment feedback control for vibration suppression and
complication.

When the origins of coordinates are set at the position
where the springs are not compressed, as shown in
Fig. 1(a), the equation of the two-DOF nonlinear spring-
mass system can be given by
1Z
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ated located at the uncompressed places and (b) the origins located at the
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M1
€X1 þ C1ð _X1 � _X2Þ þ K1ðX1 � X2Þ � U1ðX1 � X2Þ2

þ U2ðX1 � X2Þ3 ¼ F0 cos XT þM1g

M2
€X2 þ C2

_X2 þ K2X2 þ U3X3
2 ¼ C1ð _X1 � _X2Þ þ K1ðX1 � X2Þ

� U1ðX1 � X2Þ2 þ U2ðX1 � X2Þ3 þM2g

ð1Þ

where C1 is the damping coefficient of the nonlinear vibra-
tion isolator; K1, U1 and U2 are the linear, quadric and cubic
stiffness coefficients of the nonlinear vibration isolator
respectively. C2 is the damping coefficient of the damper
between the floating raft and fixed plane; K2 and U3 are
the stiffness coefficient of the nonlinear spring between
the floating raft and the fixed plane; F0 and X are the ampli-
tude and frequency of harmonic excitation, respectively.

Note that in Fig. 1(a) the origins are not the equilibrium
points of this system. After loading the equipment onto the
floating raft, i.e. these springs are compressed, the whole
system reaches to its equilibrium state as shown in
Fig. 1(b). Setting the origins of the new coordinates at the
equilibrium state, the relations between the old and new
coordinates are:

X1 ¼ Z1 þ h1; X2 ¼ Z2 þ h2 ð2Þ

In the equilibrium state, the gravitation terms in Eq. (1) can
be eliminated by the following relations:

K1H � U1H2 þ U2H3 ¼ M1g

K2h2 þ U3h3
2 ¼ M1g þM2g

ð3Þ

where H = h1 � h2.
After the coordinate transformation, the governing

equations with feedback control are given by

M1
€Z1 ¼ �C1ð _Z1 � _Z2Þ � ðK1 � 2U1H þ 3U2H2ÞðZ1 � Z2Þ

þ ðU1 � 3U2HÞðZ1 � Z2Þ2 � U2ðZ1 � Z2Þ3

þ F0 cos XT þ KtZ1

M2
€Z2 ¼ �C2

_Z2 � K2 þ 3U3h2
2

� �
Z2 � 3U3h2Z2

2 � U3Z2
2

þ C1ð _Z1 � _Z2Þ þ ðK1 � 2U1H þ 3U2H2ÞðZ1 � Z2Þ
� ðU1 � 3U2HÞðZ1 � Z2Þ2 þ U2ðZ1 � Z2Þ3 � KtZ1

ð4Þ

where Kt is the feedback gain.
Introducing dimensionless parameters

x1 ¼
Z1

H
; x2 ¼

Z2

H
; t ¼ X0T; s ¼ X0Td; x0 ¼

X
X0

;

d1 ¼
C1

X0M1
; d2 ¼

C2

X0M2
; g1 ¼

ðU1 � 3U2HÞH
ðK1 � 2U1H þ 3U2H2Þ

;

f1 ¼
U2H2

ðK1 � 2U1H þ 3U2H2Þ
; g2 ¼

3U3h2H

ðK1 � 2U1H þ 3U2H2Þ
;

f2 ¼
U3H2

ðK1 � 2U1H þ 3U2H2Þ
; l ¼ M1

M2
;

f ¼ F0

ðK1 � 2U1H þ 3U2H2ÞH
; k2 ¼

K2

ðK1 � 2U1H þ 3U2H2Þ
;

kt ¼
Kt

K1 � 2U1H þ 3U2H2 ð5Þ
and substituting Eq. (5) into Eq. (4), the first-order form of
the dimensionless motion equations are given by

€x1 þ d1ð _x1 � _x2Þ þ ðx1 � x2Þ � ktx1

¼ f cos x0t þ g1ðx1 � x2Þ2 � f1ðx1 � x2Þ3

€x2 þ d2 _x2 þ lk2x2 � ld1ð _x1 � _x2Þ � lðx1 � x2Þ þ ktlx1

¼ �lg1ðx1 � x2Þ2 þ f1lðx1 � x2Þ3 � g2lx2
2 � f2lx3

2

ð6Þ
3. Asymptotic solution analyses

To simplify, Eq. (6) can be put in matrix form as

M€xþ C _xþ Kx ¼ f ð7Þ

where

x ¼
x1

x2

 !
; M ¼

1 0

0 1

 !
; C ¼

d1 �d1

�ld1 d2 þ ld1

 !
;

K ¼
1� kt �1

ðkt � 1Þl lðk2 þ 1Þ

 !

f ¼
f cos x0t þ g1ðx1 � x2Þ2 � f1ðx1 � x2Þ3

�lg1ðx1 � x2Þ2 þ f1lðx1 � x2Þ3 � g2lx2
2 � f2lx3

2

 !
;

/ ¼ x0t

ð8Þ

Applying the method of averaging, the steady state re-
sponses are assumed as

xðtÞ ¼ uðtÞ cos /þ vðtÞ sin /
_xðtÞ ¼ �uðtÞ sin /þ vðtÞ cos /

ð9Þ

where

uðtÞ ¼
u1ðtÞ
u2ðtÞ

� �
; vðtÞ ¼

v1ðtÞ
v2ðtÞ

� �
ð10Þ

which are assumed to be slow functions about the time t.
Differentiating the first formula of Eq. (9) with respect

to the time t, we obtain

_xðtÞ ¼ _uðtÞ cos /� uðtÞx0 sin /þ _vðtÞ sin /þ vðtÞx0 cos /

ð11Þ

Substituting the second formula in Eq. (9) into Eq. (11), the
resulting equation is

_uðtÞ cos /þ _vðtÞ sin / ¼ 0 ð12Þ

Also differentiating the second formula of Eq. (9), we
obtain

€xðtÞ ¼� _uðtÞx0 sin/�uðtÞx2
0 cos/þ _vðtÞx0 cos/�vðtÞx2

0 sin/

ð13Þ

Substituting the expressions about €xðtÞ; _xðtÞ and x(t) into
Eq. (7), the following equation is found:

ðM _vx0 �Mux2
0 þCvx0 þKuÞcos/

� ðM _ux0 þMvx2
0 þCux0 �KvÞsin/¼ fðu;v; tÞ ð14Þ

Then, Eq. (12) is multiplied by Mx1cos/; Eq. (14) is multi-
plied by �sin/ and the two equations are added. The
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resulting equation is then integrated from 0 to 2p by
assuming that u and v remain constant. The final result is

M _ux0 ¼
1
2

K�Mx2
0

� �
v � 1

2
Cux0 þ

1
2

q11

�lq12

� �
ð15Þ

Similarly, Eq. (12) is multiplied by Mx1sin/; Eq. (14) is
multiplied by cos/ and the two equations are added. Then,
integrating the resulting equation from 0 to 2p; we obtain

M _vx0 ¼ �
1
2
ðK�Mx2

0Þu�
1
2

Cvx0 þ
1
2
�q21

lq22

� �
þ 1

2
f0

0

� �
ð16Þ

where

q11 ¼
3
4
½ðu1�u2Þ2þðv1�v2Þ2�ðv1�v2Þf1

q12 ¼
3
4
f½ðu1�u2Þ2þðv1�v2Þ2�ðv1�v2Þf1�v2ðu2þv2Þ2f2g

q21 ¼
3
4
½ðu1�u2Þ2þðv1�v2Þ2�ðu1�u2Þf1

q22 ¼
3
4
f½ðu1�u2Þ2þðv1�v2Þ2�ðu1�u2Þf1þv2ðu2þv2Þ2f2g

ð17Þ

Eqs. (15) and (16) represent a set of first order, ordinary
differential equations. For the periodic steady state vibra-
tion, the conditions are given as

_u ¼ _v ¼ 0 ð18Þ

Substituting conditions (18) into Eqs. (15) and (16), a set of
four coupled non-linear algebraic equations for u1, v1, u2

and v2 is obtained:

u1d1x0 � u2d1x0 þ v1 x2
0 þ kt � 1

� �
þ v2 � q11 ¼ 0

u1d1lx0 � u2ðd1 þ d2Þlx0 þ v1lðkt � 1Þ
þ v2 l�x2

0 þ k2l
� �

� lq12 ¼ 0

u1 x2
0 þ kt � 1

� �
þ u2 � v1d1x0 þ v2d1x0 � q21 þ f0 ¼ 0

u1lð1� ktÞ þ u2 x2
0 � l� k2l

� �
þ v1d1lx0

� v2ðd1 þ d2Þlx0 þ lq22 ¼ 0

ð19Þ
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Fig. 2. Comparison of the results from approx
The response amplitudes of the isolated equipment and the
floating raft are denoted as r1 and r2, respectively, namely

r1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2

1 þ v2
1

q
; r2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2

2 þ v2
2

q
ð20Þ
4. Numerical simulations

The following numerical simulations demonstrate and
verify the effectiveness of the approach and derived ana-
lytical results. The fourth-order Runge–Kutta method is
used to integrate the differential equations for numerical
results with Matlab. The dimensionless parameters of the
nonlinear VIS are set as d1 = 0.02, d2 = 0.02, f1 = 0.5,
f2 = 0.5, l = 0.5, k2 = 2, f = 0.5, kt = 0, if without other spec-
ification. Since we are most interested in the vibration
amplitude and features of the floating raft M2, which is
connected to the base, in the follow figures r2 denotes
the vibration amplitude of floating raft M2 and x0 is the
dimensionless excitation frequency.

Fig. 2 shows the comparison between the approximate
solution in Eq. (20) obtained by the average method and
numerical results from Eq. (6) by Matlab for the linear
(f1 = 0, f2 = 0) and nonlinear system (f1 = 0.5, f2 = 0.5).
The system parameters are set as d1 = 0.02, d2 = 0.02,
g1 = 0, g2 = 0, l = 0.5, k2 = 2, f = 0.5, kt = 0 and the initial
condition for numerical solution is (0,0,0,0). From
Fig. 2(a), it can be seen that the two sets of results agree
with each other very well. This is because when the system
is linear, the system takes on periodic vibration under the
harmonic excitation. It also shows that the natural fre-
quencies of the system is 0.75 and 1.4. However, in
Fig. 2(b), we can see a small discrepancy at x0 = 0.25 and
the overall tendency of the two sets are the same. As the
initial condition is at the original equilibrium, so the
numerical results show the system vibrates with ampli-
tude at the low resonance branch and two jumping up phe-
nomenon can be observed. We also study a case in Fig. 3
with frequency x0 = 0.25, where the two results present
a difference.
0.0 0.5 1.0 1.5 2.0 2.5 3.0
0

1

2

3

4

5

6

7
 Average method
 Numerical results

r 2

ω
0

(b) Nonlinear system with 1 20.5, 0.5ζ ζ= =

imate solution and numerical solution.



4900 4910 4920 4930 4940 4950 4960 4970 4980 4990 5000
-1

-0.5

0

0.5

1

t

x 1

4900 4910 4920 4930 4940 4950 4960 4970 4980 4990 5000
-0.5

0

0.5

t

x 2

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

x2

y 2

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

x2

y 2

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.05

0.1

0.15

0.2

0.25

Freq

A
m

pl
itu

de
2

(a) Response of the system (b) Phase plane of 2M  (c) Poincaré mapping (d) Amplitude spectrum of M2 

Fig. 3. Validation of discrepancy in Fig. 2 with x0 = 0.25.

Fig. 4. Effect of nonlinear parameters (f1, f2) on the amplitude–frequency
curves of floating raft.

Fig. 5. Effect of damping parameters (d1, d2) on the amplitude–frequency
curves of floating raft.
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From Fig. 3, it can be noted that the system takes on
three times periodic vibration. In Fig. 3(a), the time history
responses of the system show the vibration amplitude x2 is
0.4, as stated in Fig. 2(b), which is different from the ana-
lytical solution with amplitude 0.3. Also, the vibration
amplitude of x2 is less than half of x1, so this means intro-
duction of floating raft to the vibration isolation system
can reduce the vibration transmitted to the base. Fig. 3(b)
shows the phase plane and Poincaré mapping of the sys-
tem. The phase plane presents three circles rather than a
simple closed curve for periodic vibration. Obviously,
Fig. 3(d) shows the system has another line spectra at
3x0, besides the one at the excitation frequency
x0 = 0.25, which is called 3-order superharmonic vibra-
tion. But, we assume the analytical solution only with the
excitation frequency, not taking into account of the sub-
harmonic and superharmonic caused by nonlinearity, so
this is where the discrepancy comes from. On the other
hand, since the Poincaré section maps at every period of
the excitation frequency, that is, 2p/x0, it cannot show
superharmonic vibration. When set the Poincaré mapping
interval at 2p/(3x0), 3 points are presented in Fig. 3(c).
Anyway, we can remark that the analytical solution at-
tained in the last section can describe the system under
one periodic vibration correctly. Thus, in the follow, we
use the analytical solution to conduct qualitative analysis
for the nonlinear vibration isolation floating raft system.

Fig. 4 shows the amplitude–frequency curves of the
nonlinear vibration isolation system with different nonlin-
ear parameters, where f1 = 0 or f2 = 0 denotes the upper
isolator or the lower isolator is linear. Other system param-
eters are set as d1 = 0.02, d2 = 0.02, l = 0.5, k2 = 2, f = 0.5,
kt = 0.Comparing the three set of curves, it can be noted
that as long as there is nonlinearity in the system, the sec-
ond resonance is bent, while there is no jumping region at
the adjacent region of the first resonance peak for some
nonlinear parameters combination. Besides, increasing
the nonlinearity of the upper isolator, the second reso-
nance peak have a lower amplitude and increase of the
nonlinear parameter of the lower isolator can reduce the
amplitude of the first resonance peak. Comparing the three
curves with x0 ranges from (0,0.7) along with Fig. 2(a), the
curves with (f1,f2) = (0.5,0.5) has the minimum vibration
amplitude. This means nonlinearity can attenuate the
vibration amplitude significantly. Moreover, appropriate
combination of nonlinear coefficient of the isolators can
achieve a more desirable effect. The amplitude–frequency
curve with (0,0.5) has small jumping region in the neigh-
bourhood of the two resonance peaks, while the curve with
(0.5,0) has a jumping region from x0 = 1.67 to 3, and the
amplitude-frequency curve with (0.5,0.5) has a far larger
jumping region starting from 0.9. As we known, among
the jumping region the system has more than one solution,
especially unstable solution. Therefore with frequency the
jumping region it is easier to complicate the system to ob-
tain double period, quasi-period or chaotic motion.

Effect of damping parameters on the amplitude-fre-
quency curves are presented in Fig. 5, with d1 and d2 being
the damping coefficients of the upper and lower isolator.
The system parameters are set as f1 = 0.5, f2 = 0.5, l = 0.5,
k2 = 2, f = 0.5, kt = 0. From the figure, it can be observed that



Fig. 6. Effect of stiffness and mass ratio on the amplitude–frequency
curves of floating raft.

Y. Li et al. / Chaos, Solitons & Fractals 45 (2012) 1092–1099 1097
damping of the upper isolator can reduce the amplitude of
the second resonance greatly and the lower isolator damp-
ing can suppress the vibration amplitude of the floating
raft better when the frequency is around the first reso-
nance frequency. When x0 locates at (0,0.9), damping of
the lower isolator has a better vibration attenuation than
the upper one. With combination of the two damp pot,
the vibration amplitude of the floating raft can be further
suppressed. To achieve vibration attenuation at different
frequency region, different combination of damping of
the isolators can be designed.

Fig. 6 presents effect of different stiffness of the lower
isolator and the mass ratio of l(M1/M2) on the ampli-
tude–frequency curves of the floating raft in the nonlinear
vibration isolation system. The system parameters are set
as d1 = 0.02, d2 = 0.02, f1 = 0.5, f2 = 0.5, f = 0.5, kt = 0. When
l = 2 > 1, that is, M1 > M2, amplitude of the floating raft be-
come smaller and the second resonance peak is suppressed
dramatically. The two resonance frequency increases.
Hence, by design of the mass ratio, we can put the reso-
nance region into higher frequency where the vibration
attenuation can be easier achieved. When k2 = 0.5 < 1, i.e.
the lower isolator is softer than the upper one, amplitude
of the floating raft with frequency among the first jumping
Fig. 7. Effect of control gain kt on the amplitude–frequency curves of
floating raft.
region is larger, while that within the second jumping re-
gion is smaller. When x0 is set in the region (0,0.65), the
curve with (l = 2,k2 = 2) has the lowest vibration ampli-
tude. It means that to attenuate vibration at lower fre-
quency, M1 > M2 and harder isolator in the lower layer
yield a better effect.

Fig. 7 shows the effect of feedback control gain on the
dynamic behaviour of the system. The system parameters
are set as d1 = 0.02, d2 = 0.02, f1 = 0.5, f2 = 0.5, l = 0.5,
k2 = 2, f = 0.5. Increase of control gain does not change
the maximum of the peaks much, but it bring the reso-
nance frequency forward with positive control gains. This
is because introduction of positive control is equivalent
to reduce the stiffness of the upper isolator. Hence, the res-
onance frequencies are reduced. By comparing the four
sets of curves among (0,0.75), it can be noted that the
curve with kt = �0.4 has the minimum vibration ampli-
tude. Hence we can remark that, introducing of negative
feedback control can attenuate the vibration of the floating
raft at lower frequency. In addition, negative feedback con-
trol can also bring the resonance frequency backwards to
higher frequency which is more desirable for vibration
attenuation.

In what follows, we conduct numerical simulation of Eq.
(6) to understand more complicated nonlinear behaviour
of the system. Since, adjusting the exciting frequency and
control gain is more feasible than altering the other system
component parameters, only the bifurcation diagrams with
x0 and kt are investigated in the present study. In Fig. 8,
system parameters are d1 = 0.01, d2 = 0.01, f1 = 0.5,
f2 = 0.5, l = 0.5, k2 = 2, f = 1, kt = 0. Fig. 8 shows the bifurca-
tion diagram of the floating raft by using exciting fre-
quency x0 as bifurcation parameter . It can be seen from
the figure that there are three discontinuity phenomenon
located as x0 = 0.648, 1.036 and 1.904, respectively, the la-
ter two of which correspond to the jumping up frequency
in the amplitude–frequency curves. Besides, motion status
of the system changes with increase of exciting frequency.
When x0 among the range of (0.5,0.648), the system takes
period 1 vibration. When x0 falls into (0.648,0.71), the
floating raft exhibits superharmonic vibration (as shown
Fig. 8. Bifurcation diagram of the floating raft versus frequency.



Fig. 9. Bifurcation diagram of the floating raft versus control gain
(x0 = 1.1).
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in Fig. 10(b)). With x0 at (0.71,0.77), the floating raft vi-
brates in the term of complex motion. From x0 = 0.77 to
1.048, the system takes on period 1 motion. Among the
range of (1.048,1.116) and (1.116,1.22), the floating raft
enters into complex motion. When x0 > 1.22, the system
takes on periodic vibration. The corresponding phase plane
and Poincaré mapping are shown in Fig. 10. It can be con-
cluded that by changing the exciting frequency, motion
features of the vibration system can be altered.

Fig. 9 presents the bifurcation diagram of the floating
raft with control gain kt as bifurcation parameter and sys-
tem parameters are d1 = 0.01, d2 = 0.01, f1 = 0.5, f2 = 0.5,
l = 0.5, k2 = 2, f = 1, x0 = 1.1. The system exhibits periodic,
double periodic and complex motions for different control
gain. When the control gain falls into (�0.8,�0.096), the
system enters into periodic motion. While kt is among
the range of (�0.096,�0.08), the floating raft takes on com-
plex motion. With kt at (�0.08,�0.048), the system takes
on period 4 motion. From kt = �0.0384 to 0.48, complex
motion occurs to the floating raft, except that there is a
small region around kt = 0.112 where the floating raft takes
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Fig. 10. Phase plane of the floating raft
on period 3 motion. When kt > 0.48, the system exhibits
period 1 motion. The corresponding phase plane and Poin-
caré mapping are shown in Fig. 11. We can remark that
complex motion can be obtained by adjusting the control
gain.

In Fig. 10, the phase plane and Poincaré mapping for the
floating raft of the nonlinear vibration isolation system are
shown for different exciting frequencies. At x0 = 0.5
Fig. 10(a), x0 = 0.8 (Fig. 10(e)), x0 = 1.08 (Fig. 10(h)) and
x0 = 1.3 (Fig. 10(j)), there occurs a closed curve, which
means the system takes on periodic 1 vibration. At
x0 = 0.7 (Fig. 10(b)), there are three circles in the closed
curves and one mapping point, showing that the system
is on superharmonic vibration (similar to the case in
Fig. 3 and the spectrum is not presented here). At
x0 = 0.75, 1.05 and 1.1, corresponding to Fig. 10(c), (f)
and (i), which demonstrate complex phase plane and
closed curve for Poincaré mapping, the system exhibits
quasi-periodic motions. While at x0 = 0.764 (Fig. 10(d))
and x0 = 1.072 (Fig. 10(g)), the system enters into doubling
periodic motion. Comparing the figures in Fig. 10, we re-
mark that motion status of the system is much sensitive
to the exciting frequency.

Fig. 11 presents the phase plane and Poincaré mapping
for the floating raft of the nonlinear vibration isolation sys-
tem, which verifies the bifurcation diagram in Fig. 9. From
the numerical simulation case study in Fig. 11, it can be
noted that when kt = �0.6 (Fig. 11(a)), kt = �0.5
(Fig. 11(c)) and kt = 0.5 (Fig. 11(g)), the system takes on
period 1 vibration. While in Fig. 11(f), i.e. kt = �0.048, the
system takes on period 4 vibration. In Fig. 11 (b), (d) and
(h), the system exhibits period 3 vibration. In cases (e),
(g) and (i), the quasi-periodic motion occurs to the system.
From Fig. 11(a) to Fig. 11(i), it can be concluded that the
feedback control has a great effect on the dynamic behav-
iour of the system. We can implement a feedback control
to a system to achieve some intended goals. In addition,
it can be noted that the vibration amplitude of the floating
raft varies with change of control gain. In Fig. 11(j) kt = 0.5,
the floating raft has amplitude of less than 0.6, which is the
minimum among all these ten cases.
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Fig. 11. Phase plane of the floating raft for different control gains.
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5. Conclusions

In the present study, we introduce a floating raft be-
tween the isolated equipment and the base, and imple-
ment a displacement feedback control, in order to
suppress the vibration and find the parameter region of
the system for complex motion. The dynamic behaviour
of the vibration isolation floating raft system is studied
by analytical solution from average method. Results show
the effect of reduction the vibration amplitude can be ob-
tained by properly adjusting the values of the damping
parameters, nonlinear spring stiffness, mass ratio and the
range of exciting frequency. Moreover, the displacement
feedback control gain plays a great role on the nonlinear
dynamic behaviour of the system. By adjusting the control
gain or exciting frequency, vibration features of the nonlin-
ear vibration isolation system can be altered and complex
motion can be obtained.
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