
Journal of Physics D: Applied Physics

PAPER

Tunable low-frequency torsional-wave band gaps in a meta-shaft
To cite this article: Kai Wang et al 2019 J. Phys. D: Appl. Phys. 52 055104

 

View the article online for updates and enhancements.

This content was downloaded from IP address 194.66.243.6 on 26/11/2018 at 14:34

https://doi.org/10.1088/1361-6463/aaf039
https://oasc-eu1.247realmedia.com/5c/iopscience.iop.org/940570898/Middle/IOPP/IOPs-Mid-JPDAP-pdf/IOPs-Mid-JPDAP-pdf.jpg/1?


1 © 2018 IOP Publishing Ltd Printed in the UK

1. Introduction

Phononic crystal, an artificial periodic material, has the 
ability to create a frequency band useful for applications such 
as acoustic and elastic waveguides [1–3], wave filters [4, 5], 
vibration control [6–8], acoustic cloaks [9, 10], acoustic 
topological insulators [11, 12] and energy harvesting devices  
[13, 14]. Generally, there are two types of mechanisms, namely, 
the Bragg scattering (BS) mechanism and local resonance 
mechanism for opening a band gap. Actually, the location of 
the band gap created by BS mechanism is related to the lattice 
constant which should be equal to the wave length, while the 

central frequency of the local resonant band gap is related to 
the resonant frequency of the resonator [15, 16]. Therefore, the 
local resonance mechanism can open a band gap in a lower fre-
quency region, compared with the Bragg scattering mechanism.

In the past two decades, numerous investigations have been 
carried out to create low-frequency band gaps by employing 
locally resonant structures. For the sake of brevity, a short 
review of these closely related to the topic of this paper is given 
as follows. Lazaron and Jensen [17] studied a 1D chain with 
a series of nonlinear resonators, and both the linear and non-
linear dispersion relations have been derived. Xiao et al [18–
20] attached mass-spring resonators and beam-like resonators 
on a beam respectively to form periodic structures, and studied 
their band structures and flexural wave propagation in such 
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locally resonant beams. Wang et al [21] proposed a continuum 
beam resonator. Wang et  al [6, 22] created  multi-flexural 
band gaps in a periodic beam by lateral resonators. Xiao et al 
[23] expand the application of the spring-mass resonators by 
attaching it on a thin plate and studying the bending wave 
propagation characteristics in different directions. Zhou et al 
[24] also proposed a two-dimensional (2D) periodic structure 
with multilayered locally resonators. Utilizing inclined liga-
ment, Bigoni et  al [25] proposed a inertial locally resonant 
and designed an elastic metamaterial based on it to create tun-
able low-frequency band gaps. Bacigalupo and Gambarotta 
[26] also proposed a beam-lattices metamaterial with inertial 
resonators by elastic elements. Liu et al [27] designed a 3D 
locally resonant elastomer composed of a high-density solid 
core and soft elastic materials.

In order to widen a band gap, Frandsen et al [28] and Li 
and Li [29] proposed an inertial-amplification mechanism and 
embedded it into the resonator to broaden the band gap. Liu 
and Reina [30] proposed a hierarchical structure to obtain an 
ultra-broad band gap. Wang and Wang [31] attached force-
moment resonators on a beam to do it. Both the theoretical 
and experimental results in the above works indicate that the 
local resonators can form a band gap around its resonant fre-
quency, which provides a potential application for attenuating 
the elastic wave at a targeted frequency by designing a unique 
local resonator.

However, most of those works focused on the band gaps for 
longitudinal waves and flexural waves [15], and the studies on 
attenuating torsional waves by locally resonant shafts are rare. 
Generally, it is a common method to mitigate torsional vibra-
tion by torsional vibration isolators [32–34], but the locally 
resonant shaft could provide an way to absorb torsional vibra-
tion. Yu et al [35] proposed a shaft with periodically attached 
local resonators to create a band gap, and thus to control tor-
sional vibration in a targeted frequency region. Shu et al [36] 
used piezoelectric ceramic circular rings to construct a peri-
odic shaft for opening a torsional wave band gap. Li et al [8] 
utilized double locally resonant effects to design a periodic 
shaft for controlling the propagation of the torsional wave.

In general, the previous works about the locally reso-
nant mechanisms, including those used to attenuate bending 
waves, longitudinal waves and torsional waves, failed to 
create a band gap in very low-frequency region. Because the 
resonant frequency of the local resonator is related to its mass 
and stiffness, and it is difficult to design a resonator with ultra-
large mass and ultra-low stiffness [37]. Fortunately, a nega-
tive-stiffness mechanism (NSM) could help to resolve this 
problem, due to its capability of counteracting the stiffness of 
the positive-stiffness element to construct a high-static-low-
dynamic-stiffness (HSLDS) system [38–41]. In one previous 
work of the authors’, an HSLDS local resonator was proposed 
by combining a positive-stiffness spring with an NSM. The 
stiffness of the spring was partially or totally neutralized by 
the NSM, so that the net stiffness of resonator can be tuned 
to desired low values [42, 43]. By attaching such resonators 
periodically, the locally resonant beam can open a band gap 
for attenuating flexural waves in a very low-frequency region. 
Moreover, the location of the band gap can be easily tuned by 

adjusting the parameters of the resonator; therefore, it can be 
used to control waves at a targeted low frequency.

The main contribution of this paper is to develop a tor-
sional HSLDS resonator to attenuate very low-frequency tor-
sional wave propagating in a shaft. The HSLDS resonator is 
composed of a rubber ring and five pairs of cam-roller-spring 
mechanisms. In this resonator, the negative stiffness is real-
ized by the cam-roller-spring mechanism, which is utilized to 
partially or totally neutralize the positive stiffness provided by 
the rubber ring. Therefore, the net stiffness of the resonator 
can be tuned towards a desired low value to create a very low-
frequency band gap for torsional waves in the shaft.

This paper is organized as follows: in section 2, both the 
physical and computational models of the local resonator 
and the meta-shaft are presented, and the static analysis of 
the resonator is conducted. The dispersion relations and band 
structures are obtained by using the transfer matrix method 
in section 3. In section 4, numerical simulations of the meta-
shaft are carried out. The effects of the damping of the local 
resonator, the number of unit cells and the excitation ampl-
itude on band structures and torsional wave attenuation are 
discussed. Finally, some conclusions are drawn in section 5.

2. Conceptual design and static analysis

Figures 1(a) and (b) show the physical models of a meta-
shaft and an HSLDS resonator, respectively. The fundamental 
building block of this HSLDS resonator is a metal mass ring 
(7) connected to an epoxy shaft (6) by both a vulcanized rubber 
ring (with thickness l) (5) and an NSM composed of five pairs 
of cam-roller-spring mechanisms. In order to install the NSM, 
the length of the mass ring l  +  b is longer than the rubber ring 
l. The shear modulus of the shaft and the rubber ring are G0 
and G1, respectively. It should be noted that five cylindrical 
cams (3) are symmetrically distributed on a sleeve fixed on 
the shaft, and the rollers (4) are mounted on the slider (2) that 
is supported by a compressed linear spring (1). Certainly, the 
linear spring can be replaced by other structural elements, as 
long as it can provide elastic restoring force, such as elasto-
meric bearing or disk spring. Additionally, the rolling friction 
between the cam and the roller is insignificant and ignorable 
for the dispersion analysis, but it will be considered in numer-
ical simulations to discuss its effect on wave attenuations.

At the static equilibrium position, no external torque is 
applied on the shaft, and all the centers of the cams, rollers 
and shaft are aligned on the same line, as shown in figures 1(c) 
and (d). Note that, as a schematic diagram in figure  1(a), 
eight HSLDS resonators are attached on the shaft. In fact, the 
number of resonators could be adjusted to suit practical needs. 
In order to demonstrate the advantage of this meta-shaft in 
comparison with the traditional locally resonant shaft, some 
parameters of the local resonators and the shaft are chosen 
from Yu et al [35]. All the parameters of the meta-shaft are 
tabulated in table 1.

Schematic diagrams of static analysis are shown in figure 2. 
Figure 2(a) shows the static equilibrium position of the res-
onators, and at such a position, the linear coil spring has a 
maximum compression ϑ, which is highlighted in red. When a 
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torsional excitation acts on the meta-shaft, the shaft will vibrate 
and drive the resonators to turn around the shaft through the 
vulcanized rubber, which is depicted in figure 2(b). The coil 
springs in figure 2(b) are highlighted in orange, and the com-
pression of this spring is relaxed when the roller deviates from 
the original position. With the increase of rotational angle, the 
compression of the coil spring is decreased. Consider only 
small-amplitude torsional oscillations and assume that the 
rollers and the cams always remain in contact. According to 
the geometrical relationship of the resonator, the static equi-
librium equation of the HSLDS resonator can be given by

M = M1 − 5Fd (1)

where M1 = kθθ  is the restoring torque of the rubber, 
F  is the force provided by the compressed spring, 
d = δr3 sin θ/ (r1 + r2) is the moment arm of F , M is the 
loading torque and kθ  is the effective torsional stiffness of the 
rubber ring, which is given as [35]

kθ =
4πG1l
r2

0 − r2
3

r2
0r2

3. (2)

The force provided by the compressed linear spring can be 
given by

F =
khα (r1 + r2)

δ − r3 cos θ
 (3)

where kh is the stiffness of the linear spring. α and δ are geo-
metrical coefficients, which can be written as

α = ϑ− (r1 + r2 + r3) + δ (4)

δ = r3 cos θ +
»
(r1 + r2)

2 − r2
3sin

2θ. (5)

Figure 1. (a) Physical model of the meta-shaft, (b) physical model, (c) longitudinal-section view and (d) cross-section view of the HSLDS 
resonator.

Table 1. Parameters of the meta-shaft.

Parameters Descriptions Values

G0 Shear modulus of shaft 1.59 × 109 Pa
G1 Shear modulus of rubber ring 3.4 × 105 Pa
G2 Shear modulus of mass ring 1.49 × 1010 Pa
ρ Density of shaft 1180 kg m−3

ρ1 Density of rubber ring 1300 kg m−3

ρ2 Density of mass ring 11 600 kg m−3

r0 Outer radii of the rubber ring 13.5 mm
r1 Radii of the roller 2 mm
r2 Radii of the cam 3 mm
r3 Radii of the shaft 10 mm
r4 Outer radii of the metal mass ring 16 mm
b The length of the mass ring except the 

thickness of the rubber ring
15 mm

l The thickness of the rubber ring 25 mm

ϑ Pre-compression of coil spring 7 mm

J. Phys. D: Appl. Phys. 52 (2019) 055104
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Substituting equation (3) into (1), the restoring torque of the 
HSLDS resonator can be calculated and given by

M = kθθ − 5
khαδr3 sin θ

δ − r3 cos θ
. (6)

As mentioned before, the stiffness of the resonator can be 
reduced by adding a cam-roller-spring mechanism that pro-
vides negative stiffness. To design a resonator with desired 
low stiffness, a parameter β is introduced to denote the ratio 
of the net stiffness of the resonator to that of the rubber 
ring. Therefore, the restoring moment in equation (6) can be 
rewritten as

M = kθ

ï
βθ + (1 − β) θ − 5ε

αδr3 sin θ

δ − r3 cos θ

ò
 (7)

where ε = kh/kθ. The stiffness of the HSLDS resonator can be 
obtained by differentiating the restoring torque with respect to 
θ

k = kθ

ñ
β + (1 − β)− 5ε

p1 − p2

(δ − r3 cos θ)
2

ô
 (8)

where

p1 =

ß
dδ
dθ

r3δ sin θ + αr3

Å
δ cos θ +

dδ
dθ

sin θ

ã™
(δ − r3 cos θ)

 (9)

p2 = αr3δ sin θ

Å
dδ
dθ

+ r3 sin θ

ã
. (10)

In order to neutralize the stiffness by a ratio of (1 − β) and 
only keep a designated stiffness βkθ at the static equilibrium 
position, one can let all the terms in equation (8) except βkθ 
be zero,

(1 − β)− 5ε
p1 − p2

(δ − r3 cos θ)
2 = 0. (11)

By substituting θ = 0 into equation (11), a unique relationship 
for the parameters can be derived as

ε =
(1 − β) (r1 + r2)

5ϑr3 (r1 + r2 + r3)
 (12)

By substituting equation (12) into (7) and (8), the net restoring 
torque and stiffness of the HSLDS resonator after a part of 
stiffness is counteracted by the NSM can be written as

MHSLDS = kθ

ï
θ − (1 − β) (r1 + r2)

ϑr3 (r1 + r2 + r3)

αδr3 sin θ

δ − r3 cos θ

ò
 (13)

KHSLDS = kθ

ñ
1 − (1 − β) (r1 + r2)

ϑr3 (r1 + r2 + r3)

p1 − p2

(δ − r3 cos θ)
2

ô
. (14)

The torsional stiffness of the resonator influenced by dif-
ferent geometrical parameters is plotted in figure 3 when the 
net stiffness ratio equals 0.5. As figure 3(a) shows, when the 
radii of the roller increases, the stiffness increases notably 
against the torsional angle, and strong nonlinearity appears. 
The effect of the radius of the cam on the stiffness is same as 
that of the radius of the roller, namely, with the increase of 
the radii, the stiffness plane becomes steeper and the nonlin-
earity becomes stronger. Figures 3(c) and (d) show the effects 
of the radius of the shaft and the pre-compression of the linear 
spring on the stiffness, respectively. Form figure 3(c), one can 
find that the shaft radii have slight influence on the stiffness. 
Compared with the effects of radii, the pre-compression of 
the linear spring has an opposite influence on the stiffness, 
namely, the stiffness plane becomes smooth and the nonlinear 
resonator grades into a linear one, with the increase of the pre-
compression. Theoretically, a large compression, small radii 
of roller, cam and shaft are favorable to design a resonator 
with a wide displacement range of low stiffness. Combining 
the stiffness characteristic and mechanical design require-
ment, a set of parameters, r1 = 2, r2 = 3, r3 = 10, l = 7, are 
selected for the following analysis.

The relationships of moment-angle and stiffness-angle for 
different net stiffness ratios are plotted in figure 4 according 
to equations (13) and (14) to indicate the effect of the NSM 
on the resonator. The red solid lines denote the moment and 
the torsional stiffness curves of the resonator, the black dotted 
lines indicate the moment and the stiffness provided by the 
cam-roller-spring mechanism and the blue dashed lines repre-
sent those provided by the rubber ring.

Figure 2. Schematic diagram of static analysis: (a) static equilibrium position; (b) position after additional torque acting on the shaft. The 
red color denotes the spring under maximum compression, and the orange color means that the compression of the spring is partly relaxed.

J. Phys. D: Appl. Phys. 52 (2019) 055104
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As shown in figures 4(a) and (b), the blue dotted lines are 
covered by these red solid lines when the net stiffness ratio 
equals to 1, which means that the stiffness of the local reso-
nator completely provided by the rubber ring, and the HSLDS 
resonator degenerates into a linear one. This linear resonator 
is identical to that presented by Yu et al [35], which is unable 
to realize a very low-frequency band gap. In this paper, the 
negative-stiffness mechanism is introduced into the linear 
resonator to substantially reduce its stiffness. As shown in fig-
ures 4(c) and (d), when the net stiffness ratio equals 0.5, as a 
special situation of figure 3, a half of the stiffness of the rubber 
ring is neutralized by the proposed NSM, and hence the net 
stiffness of the resonator is tuned towards half stiffness of the 
rubber ring at the static equilibrium position. In addition, the 
HSLDS resonator becomes a quasi-zero-stiffness one when 
the net stiffness ratio is as adjusted to become 0. In such a 
special case, the stiffness is zero at the static equilibrium posi-
tion and close to zero in the vicinity of this position [44], as 
shown in figures 4(e) and (f). In addition, from these figures, it 
is clear that if the HSLDS resonator does not undergo a large-
amplitude vibration, its nonlinear stiffness can be linearized 
as βkθ at the static equilibrium position, which will be used in 
the following analysis for band structures.

3. Theoretical analysis

In this section, the linearized stiffness of the HSLDS reso-
nator will be used to derive the analytical dispersion relations 
and obtain the band structures by using the transfer matrix 
method. In addition, the effects of the net stiffness ratio and 
the geometric parameters of the rubber ring on the band struc-
tures will also be discussed.

3.1. Dispersion relation

For a plain shaft without any resonators, the torsional vibra-
tion equations can be given by

∂2φ

∂t2 =
G0Jt

ρJp

∂2φ

∂x2 (15)

where φ is the torsional displacement, G0 the shear mod-
ulus, ρ  the density of the shaft, Jt the torsional constant 
and Jp is the second polar moment of the cross-section, and 
Jt = Jp = πr4

3/2. The harmonic responses of the shaft are 
assumed as φ (x, t) = Φ (x) eiωt, where Φ (x) is the mode 
shape function, and the general solution for the mode shape 
function is

Φ (x) = Ξ sin (qx) + Ψcos (qx) (16)

where Ξ and Ψ are the unknown parameters, q = w/
√

G0/ρ  
is the torsional wavenumber. For the ith unit cell, the mode 
shape function can be written as

Φi (xi) = Ξi sin (qxi) + Ψi cos (qxi) (17)

where xi = x − ilc and ilc � x � (i + 1) lc are local coordi-
nates. lc is the lattice constant, i.e. the length of the unit cell 
of the meta-shaft. The sketch of the meta-shaft with infinite 
length is shown in figure 5.

The equation of motion of the ith local resonator is given 
by

I
∂2ϕi (t)
∂t2 + M (xi, t) = 0 (18)

where I = ρ2π
(
r2

4 − r2
0

)
(l + b)

(
r2

4 + r2
0

)
/2 is the moment  

of inertia of the nth HSLDS resonator, M (xi, t) =

Figure 3. The torsional stiffness of the resonator influenced by the radii of the (a) roller, (b) cam, (c) shaft and (d) the pre-compression of 
the coil spring when the net stiffness equals 0.5 and the rubber ring remains unchanged.

J. Phys. D: Appl. Phys. 52 (2019) 055104
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βkθ [ϕi (t)− φi (xi, t)] is the internal torque between the reso-
nator and the epoxy shaft and ϕi (t) is the absolute angle of the 
ith resonator when an external excitation applied on the meta-
shaft. The general solution for the ith resonator is assumed 
as ϕi (t) = Θieiωt, where Θi is the amplitude of vibration. By 
substituting this general solution and equation (17) into (18), 
one can obtain the amplitude Θi

Θi =
βkθΦi (0)
βkn − Iω2 . (19)

Therefore, the restoring torque M (xi, t) can be written as

M (xi, t) =
βkθJtω

2

βkθ − Jtω2 Φi (0) eiωt. (20)

Considering the continuity of the torsional angle and the 
change of torque due to the connecting moment M (xi, t), one 
can obtain the following boundary conditions

{
Φi−1 (lc) = Φi (0)

GJt

î
∂φi−1(x,t)

∂x |x=lc

ó
= GJt

î
∂φi(x,t)

∂x |x=0

ó
+ M (xi, t)

.

 (21)

Figure 4. The moment and torsional stiffness of the resonator when the net stiffness ratio equals (a) and (b) β = 1; (c) and (d) β = 0.5; 
(e) and (f) β = 0. The red solid lines denote the moment and stiffness of the resonator, the black dotted lines the NSM and the blue dashed 
lines the rubber ring.

Figure 5. The sketch of the meta-shaft with an infinite length.

J. Phys. D: Appl. Phys. 52 (2019) 055104
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According to equation  (21), one can obtain a matrix form 
expression for the unknown parameters of the (i  −  1)th and 
the ith resonators and can be written as

Γi = ∆Γi−1 (22)

where Γi = {Ξi,Ψi}T  and

Figure 6. Theoretical band structures of the shaft with local resonator for different net stiffness when the residual stiffness ratio: (a) β = 1, 
(b) β = 0.5, (c) β = 0.1, (d) β = 0.01.

∆ =

(
− ω2βkθI

GJtq(βkθ−Iω2)
sin (qlc) + cos (qlc) − ω2βkθI

GJtq(βkθ−Iω2)
cos (qlc)− sin (qlc)

sin (qlc) cos (qlc)

)
.

 

(23)

For the meta-shaft, the vector Γi  has to satisfy the Floquet–
Bloch theorem,

Γi = eiklcΓi−1 (24)

Remember that q is the wavenumber and lc is the lattice con-
stant. According to equation (22) and (24), one can obtain the 
dispersion relation of the meta-shaft

∣∣∆− eiklc I
∣∣ = 0 (25)

where I is the unit matrix. For a given frequency, one can 
obtain a pair of complex values of the wave vector by solving 
the equation (25). If the imaginary part is zero, the frequency 
locates in the pass band. On the contrary, if the wave vector 
has non-zero imaginary part, the frequency belongs to the 
stopping band. Therefore, the band structure calculated by the 
transfer matrix method is a complex one, and the imaginary 
part can be utilized to delineate the torsional wave attenuation 
performance in the band gap.

3.2. Band structures

As shown in figure 6, the complex band structures are calcu-
lated for different net stiffness ratios. From these figures, it 
is clear that very low-frequency band gap can be opened by 
the proposed HSLDS resonator. With the net stiffness ratio 
decreasing (or the neutralized stiffness increasing), both the 

central frequency and the location of the band gap are shifted 
from a high frequency region to a low one. This can be attrib-
uted to the stiffness reduction by the NSM, which results in a 
very low resonant frequency of the HSLDS resonator.

Furthermore, the width and depth in figure  6 are repre-
sented by the non-zero imaginary part of the wavenumber. It 

can be observed that, with the decrease of the net stiffness 
ratio, the width of the band gap would become narrow, and the 
depth would get shallow, which implies that the performance 
of torsional wave attenuations become worse. However, in 
order to attenuate the torsional wave in a designated frequency 
region better, a broader and deeper band gap is expected. In 
this paper, several methods will be used to broaden the band 
gap and improve wave attenuations, such as increasing the 
number of unit cells and adjusting the parameter of the meta-
shaft, which will be studied in detail in section 4.

3.3. Improvement regimes

In order to study improvement regimes of the torsional-
wave band gap to broad the band width, the expressions of 
beginning and ending frequency are to be investigated firstly. 
As shown in figure 7(a), the mass ring resonates at this fre-
quency ω0 =

√
I1/kθ , which is the beginning frequency of 

the torsional wave band gap. When the shaft is not fixed, 
as shown in figure  7(b), the mass ring and the shaft reso-
nate in opposite directions and the resonant frequency is 
ω1 =

√
kθ (I1 + I2) /I1I2, which is the ending frequency of 

the band gap [45]. It is noteworthy that I1, I2 and kθ  denote 
the moment of inertia of the mass ring, the moment inertia 
of the shaft and the stiffness of the rubber ring highlighted in 
gray in figure 5, respectively.

J. Phys. D: Appl. Phys. 52 (2019) 055104
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Substituting the expressions of the torsional stiffness of the 
rubber ring, the moments of inertia of the mass ring and the 
shaft into the expressions of beginning and the ending fre-
quency, the edges of the torsional wave band gap can be given 
by

ω0 =

…
βkθ

I
=

√
8βlπG1r2

0r2
3

ρ2π
(
r2

0 − r2
3

)
(l + b)

(
r2

4 + r2
0

) (
r2

4 − r2
0

)
 (26)

ω1 =

√
8βπG1lr2

0r2
3

[
πr4

0Lρ+ ρ2π
(
r2

4 − r2
0

) (
r2

0 + r2
4

)
(l + b)

]

π2r4
3Lρρ2

(
r2

4 − r2
0

) (
r2

0 + r2
4

) (
r2

0 − r2
3

)
(l + b)

 (27)

where L is the length of the meta-shaft. From equation (26) 
and (27), one can find that the thickness of the rubber ring is 
a key parameter for the band structure. The imaginary part 
of the wave vector is depicted as a function of the thickness l 
and the frequency in figure 8(a). The shining area denotes the 
band gap, where the imaginary part of the wave vector is non-
zero. The brighter the color is, the better the performance of 
torsional wave attenuation is. Figure 8(b) shows a 3D plot of 
the beginning and ending frequencies of the band gap against 
both the net stiffness ratio and the thickness of the rubber ring, 

where one can observe the effects of these two parameters on 
the width of the band gap directly.

From figure 8, it is clear that, with the increase of the thickness 
of the rubber ring, the positive stiffness of the resonator increases, 
leading to enlargements in both the beginning and ending fre-
quencies of the band gap. However, the increasing degree of the 
ending frequency is much larger than that of the beginning one. 
Therefore, the width of the band gap can be broadened by mag-
nifying the thickness l. It also can be observed that, as the thick-
ness increases, the color in the band gap becomes lighter, which 
implies the increase in the imaginary part of the wave vector. 
Hence, the performance of wave attenuation also can be improved 
by increasing the thickness of the rubber ring. Most importantly, 
the beginning frequency is impacted by the thickness l slightly, 
and thus the location of the band gap could stay in very low-fre-
quency region, when a rubber ring with relatively large thickness 
is utilized to create a broad and deep band gap for attenuating 
torsional waves in a shaft. Furthermore, from figure 8(b), it can 
be seen that, with the decrease of the net stiffness, the location 
of the band gap moves from a high-frequency region to a low-
frequency one, but the width would become narrow. Therefore, 
reasonable parameters of the resonator are essential to achieve an 
ideal band gap in the very low-frequency region.

Figure 7. Analogous models corresponding to torsional vibration modes on the (a) beginning and (b) ending frequency of the LR band gap 
of the meta-shaft. The shading area denotes the rubber ring which provides torsional stiffness and support the mass ring.

Figure 8. Influences of the net stiffness ratio and the thickness of rubber ring on band structures. (a) The imaginary part of the wave 
vector for different thickness of the rubber ring when the net stiffness ratio β = 0.5. (b) The beginning frequency and the ending frequency 
affected by both the net stiffness ratio and thickness of the rubber ring.
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4. Numerical results

To verify the band structure calculated by the transfer matrix 
method, and to demonstrate the wave attenuation, a meta-shaft 
with finite length under external random moment acting on 
the left-hand end of the shaft is studied by using the Galerkin 
method. The wave attenuation is evaluated by transmittance 
defined as a ratio of the torsion-angle amplitude at the right-
hand end to that at the left-hand one. Both the effects of the 
number of unit cells and the exciting amplitude on the band 
structure will be discussed in this section.

4.1. The Galerkin method

For the finite-length meta-shaft under the random moment 
acting at the right-hand end (x  =  0), the equation of motion 
can be yielded by using Newton’s second law,

ρJp
∂2φ

∂t2 − G0Jt
∂2φ

∂x2 = MR (t) δ (x − 0)

+
n∑
m

MRe (xm, t)δ (x − xm)

 

(28)

where MR (t) is the random moment with a bandwidth from 
1 to 1500 Hz. Remind that ρ  is the density of the shaft, G0 is 
the shear modulus of the shaft, Jp is the second polar moment 
of the cross-section with respect to the centroid and Jt is the 
torsional constant. Additionally, MRe is the moment caused 
by the resonator, and acts at the attaching position of the reso-
nator x = xm = mlc. By substituting the harmonic responses 
of the shaft φ (xm, t) and the torsional angle of the mth local 
resonator ϕm (t) into equation (13), MRe can be given by

MRe (xm, t) = kθ {ϕm (t)− φm (xm, t)

− (1−β)(r1+r2)
2

ϑr3(r1+r2)(r1+r2+r3)
αδr3 sin[ϕm(t)−φm(xm,t)]
δ−r3 cos[ϕm(t)−φm(xm,t)]

©
. 

(29)
The harmonic responses of the meta-shaft are assumed to 

be

φ (xm, t) =
N∑

q=1

Πq (xm)µq (t) (30)

where N denotes the number of Galerkin truncation, 
Πq (x) = cos (qπx/L) is the normal shape function of the 
shaft with free-free end condition, µq (t) denotes the gen-
eralized coordinate, and L is the total length of the shaft. 
In addition, the natural frequencies of the elastic shaft 
ωq = qπc/L (q = 1, 2 · · · ) are determined from the frequency 

equation  sin (ωl/c) = 0, where c = (G0/ρ)
1/2, and q is an 

integer and represents the order of eigenfunction. Note that 
the rigid-body displacement of the shaft is not considered 
in this paper. Substituting equation (30) into (28), the equa-
tion of motion of the meta-shaft can be rewritten as

ρJp

N∑
q=1

Πq (x) µ̈q (t)− G0Jt

N∑
q=1

Π
(2)
q (x)µ (t)

= MR (t) δ (x − 0) +
n∑
m

MRe (xm, t)δ (x − xm)
 

(31)

where the restoring torque is given by

MRe (xm, t) = kθ

®
ϕm (t)−

N∑
q=1

Πq (xm)µq (t)

− (1−β)(r1+r2)
ϑr3(r1+r2+r3)

αδr3 sin
[
ϕm(t)−

∑N
q=1

Πq(xm)µq(t)
]

δ−r3 cos
[
ϕm(t)−

∑N
q=1

Πq(xm)µq(t)
]
™

.
 

(32)

By introducing a weight function ϕk (x), multiplying equa-
tion (31) by it and integrating the equation of motion from 0 
to L, one can obtain

ρJp

N∑
q=1

´ L
0 Πq (x)ϕk (x) dxµ̈q (t)− G0Jt

N∑
q=1

´ L
0 Π

(2)
q (x)ϕk (x) dxµ (t)

=
´ L

0 δ (x − 0)ϕk (x) dxMR (t)

+
n∑
m

´ L
0 δ (x − xm)ϕk (x) dxMRe (xm, t) , k = 1, 2, 3, · · · , N.

 (33)
In order to decay the transient responses, both the modal 

damping of the shaft and the damping of the local resonator 
are taken into account in the numerical simulations. Note that 
it is difficult to identify the structural damping of the shaft 
and the damping in the resonator from rolling friction, so that 
the linear viscous damping are used to characterize the energy 
dissipation. Two parameters ζp and ζr  are introduced to denote 
the damping ratio of the pth mode of the shaft and the local 
resonator, respectively. Due to the orthogonality of the mode 
function, equation (33) can be rewritten as a simplified form

Ip (q) µ̈q (t) + Cp (q) µ̇q (t) + Kp (q)µq (t)

= ϕq (0)MR (t) +
n∑
m
ϕq (xm)MRe (xm, t)+

n∑
m
ϕq (xm)MDe (xm, t).

 (34)
The derivation of equation (34) is given in appendix. For the 
resonator, the equation of motion can be written as

Iϕ̈m + MRe (xm, t) + MDe (xm, t) = 0 (35)

where

Ip (q) =
ρJp

4

î
2L + L sin(2qπ)

qπ

ó
; Kp (q) =

G0Jtqπ[2Lpπ+L sin(2qπ)]
4L2 ;

Cp (q) = 2ζp
√

IpKp; MDe (xm, t) = 2ζr
√

Ikθ

ñ
ϕ̇m (t)−

N∑
q=1

Πq (xm) µ̇q (t)

ô

 (36)

MDe (xm, t) denotes moment caused by the damping force of 
the local resonator, which acts at the attached position of the 
resonator.

4.2. Verification of the band gap

The material and geometrical parameters of the meta-shaft 
are listed in table 1, and the responses of the meta-shaft can 
be achieved by numerically solving the equations of motion, 
equations (34) and (35), by using the Runge–Kutta method. 
To make a comparison with the traditional resonator and high-
light the advantage of the proposed resonator, a part of param-
eters of the meta-shaft is selected from the [35]. In this paper, 
the wave transmittance, defined as the ratio of the torsional 
angle at the right-hand end to that at the left-hand one, is used 
to evaluate the wave attenuation, which is presented in decibel 
(dB),
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T = 20 log
Å
Θr

Θl

ã
 (37)

where Θr to Θl are the amplitudes of the responses of the tor-
sional angle at the right-hand end (x = NRelc) and left-hand 
end (x = 0), respectively, and NRe is the number of the unit 
cells.

The minus wave transmittance in dB means torsional wave 
attenuation, and the corresponding frequency region denotes a 
band gap. Nevertheless, the positive wave transmittance in dB 
represents wave amplification, which implies the amplitude 
of the output signal at the right-hand end of the shaft is larger 
than that of the input signal at the left-hand end. It is true that 
Θr/Θl < 1 (T   <  0) is expected to form a band gap.

However, in the very low-frequency region close to zero 
Hz, the minus wave transmittance does not imply wave 
attenuation, because the rigid-body mode is not considered 
in the numerical simulation. Nevertheless, the band structure 
is clear, even though the effect of the rigid-body mode on the 
structural responses might be obvious in very low-frequency 
region. With the increasing of the frequency, the contribution 
of the rigid-body mode becomes insignificant, and thus, both 
the band structure and the wave attenuation can achieve higher 
accuracies.

In figure 9, the dotted red lines denote the wave transmit-
tance of the bare shaft (without resonators) and the solid blue 
lines represent the wave transmittance of the meta-shaft. From 
this figure, it is clear that this proposed shaft opens a very 

low-frequency band gap. As mentioned before, the central 
frequency of the band gap is dependent on the net stiffness 
ratio. Specifically, with the net stiffness decreasing, the central 
frequency moves from a high frequency to a low one. More 
importantly, by comparing figure 9 with 6, one can observe 
that the band structure calculated numerically by using the 
actually nonlinear stiffness matches well with the theoretical 
predication by using the linearized stiffness. Therefore, the 
linearized stiffness can be used to obtain the band structure 
when the meta-shaft does not suffer large-amplitude excita-
tions. In addition, with the resonator stiffness decreasing, the 
performance of wave attenuation deteriorates, which also 
matches with the shallow band gap in figure 6.

4.3. Influences of parameters

The influence of the damping of the local resonator on the 
wave transmittance is illustrated in figure 10. It is clear that, 
with the increasing of the damping ratio of the resonator, the 
performance of wave attenuation in the band gap gets worse, 
while the width of the band gap becomes broad. Particularly, 
the value of the wave transmittance is lower than zero in the 
high frequency region when the resonator has a relatively 
large damping.

Figure 11 shows the effect of the number of unit cells on 
the wave transmittance. In this figure, the wave transmittances 
of the meta-shaft with 5, 10, 15 and 20 unit cells are denoted 
by the blue solid line, red dotted line, saffron dashed line and 
purple dashed-dotted line, respectively. Obviously, with the 

Figure 9. Wave transmittance calculated by numerical simulation 
by using Galerkin method when the net stiffness ratio is selected as: 
(a) β = 0.01, (b), β = 0.1, (c) β = 0.5, (d) β = 1. The shadow areas 
denote the band gap, and the number of unit cells is 20.

Figure 10. The damping of the local resonator on the wave 
transmittance.

Beginning frequency

Number increasing
T

ra
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m
itt
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ce

(d
B

)

Figure 11. Influence of the number of unit cells on wave 
transmittance of the meta-shaft when β = 0.5, ζp = 0.02 and 
ζr = 0.01.
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increase of the number of unit cells, more peaks of the wave 
transmittance curve occur, and most importantly, the tor-
sional wave attenuation in the band gap get better. Therefore, 
increasing the number of unit cells is a sound idea to attenuate 
the torsional wave as much as possible in the band gap.

As mentioned in section 2, the stiffness of the local reso-
nator is nonlinear and can be influenced by the amplitude of 
the relative torsion angle between the resonator and the shaft. 
If the shaft undergoes a large-amplitude torsional vibration, 
the roller will deviate from the equilibrium position with a 
large angle and the local resonator will present a strong non-
linear stiffness. Therefore, a discussion about the effects of the 
exciting amplitude on the band gap and the wave attenuation 
performance is carried out.

Figure 12 shows the influence of the exciting amplitude on 
the wave transmittance. The contour map of the wave transmit-
tances under different excitations is presented in figure 12(a). 
Also, the curves of wave transmittance for Ex(MR) = 7 N · m 
and Ex(MR) = 0.1 N · m are depicted in figures 12(b) and (c), 
respectively. Note that Ex(MR) denotes the expectation of the 
random exciting moment acting on the left-hand end of the 
meta-shaft.

From figure  12(a), it is clear that, as the exciting ampl-
itude increases, the wave attenuation in the band gap would 
disappear at certain frequencies, such as 123 Hz, but be 
enhanced at some other frequencies, such as 151 Hz. This 
can be attributed to the fact that large-amplitude excitation 
would cause complicated dynamic behaviors, such as chaotic 
motions, which would result in new frequency components to 
counter act or amplify the responses at certain frequencies. In 
addition, in figure 12(a), there are some singular areas looking 
like black curves, which represent saltation (sudden change) 
of wave transmittance. The saltation also can be observed in 
figure 12(b), which is presented as spines on the transmittance 
curve. This phenomenon also can be attributed to the compli-
cated dynamic responses caused by the nonlinear stiffness of 
the resonator under large excitations.

Moreover, by comparing figures  12(b) and (c), it can be 
observed that the wave transmittance curve under a small-
amplitude excitation is smoother and the wave attenuation 
performance is better than those under a large-amplitude exci-
tation. Therefore, this meta-shaft is excellent at attenuating tor-
sional wave with small amplitude at low frequency. However, 
due to the amplitude-dependent feature of this meta-shaft, the 
large-amplitude wave might totally pass through the band gap, 
while the small-amplitude one is forbidden, which could be 
a potential application as an amplitude-dependent switch to 
control torsional waves.

5. Conclusions

In this paper, a torsional HSLDS local resonator is proposed 
for connecting a positive-stiffness element (a rubber ring) 
and a negative-stiffness mechanism (five pairs of cam-roller-
spring mechanisms). The stiffness of the local resonator can 
be reduced substantially by the negative-stiffness mechanism. 
By attaching the proposed resonators on an epoxy shaft peri-
odically, it becomes a meta-shaft. The dispersion relations are 
derived by using the transfer matrix method, which reveal that 
the central frequency of the band gap opened by the HSLDS 
resonator is much lower than that created by the linear reso-
nator without the negative-stiffness mechanism.

The effects of system parameters on the band structure are 
also studied. With the thickness of the rubber ring increasing, 
the band width becomes broad and the wave attenuation per-
formance is improved, which provides a potential solution 
to broaden and deepen the band gap in very low-frequency 
region. In addition, a large number of unit cells are also useful 
to obtain an ideal band gap with a large bandwidth and excel-
lent wave attenuation. However, for a big excitation, the per-
formance of wave attenuation would become worse, because 
the nonlinearity from the stiffness of the HSLDS resonator 
would be strong enough to cause complicated dynamic behav-
iour, when the resonator undergoes large-amplitude torsional 
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Figure 12. The wave transmittance influenced by the amplitude when the residual stiffness ratio equals 0.5, the number of unit cells equal 
20 and the damping coefficient of the local resonator and the shaft equal 0.01 and 0.02, respectively.
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oscillations. Therefore, attaching a sufficient number of unit 
cells and avoiding large-amplitude excitations are suggested 
to achieve a broad and deep band gap for torsional wave atten-
uation in very-low-frequency region.
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Appendix

The following are the derivations for some equations appeared 
in this paper.

ρIp

N∑
q=1

´ L
0 Πq (x)ϕk (x)dx = ρIp

N∑
q=1

´ L
0 cos

( qπx
L

)
cos

( kπx
L

)
dx

=



ρIp

N∑
p=1

´ L
0 cos2

( qπx
L

)
dx, k = q;

0 others.

=

{
ρIp

4

î
2L + L sin(2qπ)

qπ

ó
, k = q;

0 others.
 (A.1)

GIt

N∑
q=1

´ L
0 Π

(2)
q (x)ϕk (x) dxµ (t) =GIt

N∑
q=1

´ L
0 Π

(2)
q (x)ϕk (x) dxµ (t)

= −GIt

N∑
q=1

´ L
0

( qπ
L

)2
cos

( qπx
L

)
cos

( kπx
L

)
dxµ (t)

=



−GIt

N∑
q=1

´ L
0

( qπ
L

)2
cos

( qπx
L

)
cos

( qπx
L

)
dxµ (t) , q = k;

0 others

=

®
−GItqπ[2Lqπ+L sin(2qπ)]

4L2 , q = k;
0 others

 (A.2)
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